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ART. XXXVI.-Studies in the Electro-magnetic Theory.-I. 
The law of electro-magnetic flux;* by M. I. PUPIN, 
Ph.D., Columbia Oollege, Ne,,: York. 

THE law of electro-magnetic fiux is a short expression for the 
well-known quantitative relations between electromotive force 
and electric fiux on the one hand and magnetomotive force 
and magnetic finx on the other. Ohm's law is a part of it. 

These relations are statements of experimental facts which 
we know to hold true for constant and slowly varying forces. 
The object of this investigation is to show the exact position 
which this law occupies in Maxwell's electro-magnetic theory; 
to point out its limitations; to show that Maxwell's electro­
magnetic theory of light demands a more general form of this 
law; and finally, to present a general form of this law of which 
both its ordinary form and also those forms which were assumed 
hypothetically in some of the recent developments of the 
electro· magnetic theory of light are special cases. 

1. The two Jttndamentallaws of Maxwell's Electro-dynamics. 

A brief statement of Maxwell's electro-magnetic theory seems 
desirable in this discussion. For the sake of brevity none but 
its most essential features will be presellted, and that in such a 
way as to emphasize as forcibly as possible the essential differ­
ences between this theory and the older electro-magnetic 
theories. . 

The essential features of the Maxwellian theory are reducible 
to two, which may be called its two characteristic features. 
These two characteristic featnres can be exhibited in a very 
simple manner hy considering the gradual change in form and 
in meaning which the following two well known experimental 
laws, relating to magneto-electl'ic and to electro-magnetic 
induction, undergo as we pass from the views of old electric 
theories to those of the Maxwellian theory. These laws I 
choose to state in the following form for reasons which will 
be evident presently :-

First law :-A val'ying maglletic field induces a field of elec­
tric force in all electric conductors within its region. The 
electromotive force around any simple circuitt of tilis induced 

* Read in abstract before the Am. Assoc. Adv. Science at its Springfield meet­
ing, Aug. ~O, 18!15. 

t The expression simple circuit neeos an explanation. Consider any point of 
the field. Pass"a plane through it and in I,his plane draw an infinitely small area 
around the point under consideration. If the boundary of this elementary area 
be such that none of its points contain more than one branch of the boundary 
curve, then this boundary curve is a simple circuit aronnd this point. 
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electric field is proportional to the rate of variation of the 
magnetic flux through any surface bounded by this circuit. 

Second law:-An electric current induces a field of magnetic 
force . . . 
The magnetomotive force around any simple circuit of this 
induced magnetic field is proportional to the cnrrent passing 
through any surface bounded by this circuit_ 

For the sake of brevity the factors of proportionality are 
not explicitly mentioned_ It is well to observe, however, that 
they are numerical and that by a suitable selection of electric 
units they could be made unity in each case. 

There is evidently a considerable formal resemblance between 
these two experimental laws when they are stated in the form 
in which they have just been stated. This formal resemblance 
can be carried considerably further without departing from the 
views of pre-Maxwellian electric theories_ All that is needed 
is a simple adjustment of the electric terminology of the pre­
Maxwelliau period. This is the step which is now in order. 
It leads along the shortest path from old theories to ~Iaxwell's 
electro-magnetic theory_ 

Oonsider two electric conductors A and B. insulated from 
each other, one charged with a certain quantity of positive 
electricity and the other with an equal charge of negative elec­
tricity. Oonsider now a surface surrounding anyone of these 
two conductors. . The total electric flux through this surface is 
numerically equal to the total quantity of electricity enclosed 
by the surface. Hence it is also equal to the total integral 
electric current which would be obtained if the total positive 
charge were carried across this surface to the negatively charged 
conductor and thus the two conductors reduced to their neutral 
state. We can speak, therefore, of a total electric flux across 
a surface as of a fictitiou8 integral cU'I''l'ent through this sur­
face. We can speak of it also as of a total electric di8place­
ment in the sense that if the two conductors are neutral and a 
certain quantity of positive or negative electrification is trans­
ferred from one to the other and therefore displaced from one side 
of the bounding surface to the other we shall have a total electric 
flux across this surface numerically equal to the total electric 
displacement across the same surface_ With this mental reser­
vation, namely, that we are using certain terms in their figura­
tive sense only, we can always employ the expressions "total 
electric flux," "total integral current," and" total electric di8-
placement" as synonymous terms without departing from 
the views of pre-Maxwellian theories. 

So far we have not restricted the fictitious total integral 
current or displacement to any particular paths. That shall 
be done now. 
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Let these paths be such that at any moment the total ficti­
tions electric transference through imy elementary area up to 
that moment is equal to the electric fiux through that area at 
that moment. Then, as long as we remember that we are 
speaking of a fictitious "integral our1'ent" and a fictitious 
"elect1'ic displacement" throngh any elementary area in an 
electric field, we can employ these two terms as synonymous 
with "electric fiux" through that area without departing from 
the views of the pre-Maxwellian period. 

Again just as the electric cUI'rent through any elementary 
area of a conductor is defined as the rate of variation of the 
integral current, so we can also speak of a cnrrent through the 
dielectric without deserting the views of old electro-magnetic 
theories provided that we take it as granted that this dielectric 
current is fictitious, since it is the rate of variation of a fictitious 
integral current. The expression "dielectric 01' displ(tcement 
m61'1'ent" becomes, therefore, synonymous ,with rate of varia­
tion of the electric flux. Similarly we can substitute the 
expression magnetic mt1'1'ent for the expression "rate if va1'ia­
tion of magnetic flux." 

To distinguish the real, that is the electric conduction cur­
rent, from the fictitious or displacement current, the expression 
"cond16Ction CU1'1'ent" must be used when the real and not the 
fictitious (displacement) current is meant. 

This precaution is unnecessary in the case' of the magnetic 
CUl'l'ent, since there is no magnetic conduction current. 

The laws of magneto-electric and of electl'o-magnetic induc­
tion can now be stated more symmetrically, as follows :-

First law :-A region of magnetic ..•.. currents induces 
a field of electl'ic force in all elect1'ic CO'nCbldto1's witkm that 
1'eglon. The electromotive force around any simple circuit in 
this induced electric field is proportional to the magnetic 
•..... current passing through any area which is bounded 
by this circuit. 

Second law:-A region of electric cond16Ction currents in· 
duces a field of magnetic force . . . . . . . .. The magneto­
motive force around any simple circuit in this induced magnetic 
field is proportional to the electric cond1tction CUI'rent passing 
through any area which is bounded by this circuit. ' 

The formal resemblance between the two laws is very strik­
ing now. It would be. perfect if we eithej' omitted the words 
which are in italics or filled out suitably the dotted lacnnre. 

The last aiternative is not admissible, because we know 
nothing about mag-netic condnction cl1l'l'ents, nor about mag­
netic condnctol's. The fil'st alternative does not strike one so 
unfavorably. There is really no evidence against the permissi­
bility of omitting the words in italics from the statement of the 
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:first law. It is true that Faraday's experiments, by which he 
discovered that law, prove the existence of no other induced 
electromotive forces excepting those which Faraday detected 
in conductors. Bnt these experiments neither affirm nor do 
they deny the presence of magneto-electric induction in dielec­
trics. On the othet· hand, Fal'aday's experiments on dielectric 
and diamagnetic mbstances and his speculative views of elec­
tro-magnetic phenomena urge us with an irresistible force to 
the belief that electl"Omotive forces just like magnetomotive 
forces are induced around every circuit, no matt.er whether that 
circuit pass through a conductor or through a dielectric (includ­
ing the most perfect of all dielectrics, that is a perfect vacuum), 
and that just as the magnetic displacement current is real in the 
sense that it produces inductive effects, so the electric displace­
ment current is not a fiction, as one who is faithful to the views 
of older electric theories has to assume, but it is jnst as real as the 
electric conduction current in the sense that it is an actually exist-

. ing process in the dielectric, which is just as capable of induc­
ing magnetomotive forces as the conduction current. The 
mechanism of this process is, of course, just as unknown to 
us as the mechanism of that process which is called the electric 
conduction current. Maxwell was the first to feel the force of 
this tendency of Faraday's experiments aud speculations and to 
yield to it, making thus a radical departure from the views of 
old electric theories. His statement of the two laws of induc­
tion omits, therefore, the WOl"ds which are in italics in the last 
statement of these laws. Hence the following wording of 
these two laws is in accordance with Maxwell's views:-

First law :-Every magnetio ourrent induoes a ,field of eleo 
trio force. The eleotromotive foroe aTouna any si1'lple oiTC1tit 
in this induced electrie .field is PTopor,tional. to the magnetie 
OUTrent pa8sing through any area which is bounded by tI~is 
cirouit. 

Second law :-Every electrio eltJ'1'ent induoes a field of mag· 
netio foroe. The mctgnetomotive foroe aJ'01tnd any simple 
OiTOltit in tltis i~l,dueed magnetio field is proportional to the 
eleetl'ie ourrent pctssing tltTmtgh any ctTea whieh is bounded 
by this ciTe~tit. 

In this generalized form these two laws fOI'm the foundation 
of Maxwell's electro-magnetic theory.* This theory may, there­
fore, be described broadly as that theory which generalizes the 
two expeI"imentallaws of magneto· electric and of electro-mag­
netic induction by extending the region of magneto-electric 
induction and of the electric current from conductors to the 
dielectric. 

* See O. Heaviside. Phil. Mag., February, 1888; H. Hertz, Wied. Ann., xxiii, 
p. 84,1884; xl, p. 577,1890. 
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So far an electro-magnetic field of invariable geometrical con­
figuration has been considered_ It should be observed now 
that the two laws suffice to describe completely the inductive 
effects in an electro-magnetic field of variable geometrical con­
figuration also_ A field of variable geometrical configuration 
means, of course, a field in which the various 807t'l'Ce8 of fluw 
(like electrically or magnetically charged bodies and conductors 
carrying electric currents) are in relative motion with respect 
to bodies which are under the inductive action of these sources_ 
According to these laws the inductive effects in any circuit 
depend on the rate of variation of the fiux through that circuit 
and on nothing else; they are, therefore, independent of the 
particular method by which that val'iation is produced; whether 
by varying the intensity of the field;. or by motion of the 
various parts of the field; or by keeping eVet'ything constant 
and moving the circuit under consideration, it is immaterial. 
This is simply an extensioll of the experimental fact that the 
electromotive force induced in a conducting circuit follows the 
sa.me law whether that electromotive force be induced by the 
motion of the circuit towards a magnet or by the motion of 
the magnet towards the circuit, or by keeping the two in fixed 
relative position and varying the strength of the magnet. 

The fundamental quantities in this theory are electric cur­
rent and electromotive force on the one hand and magnetic 
current and magnetomotive force on the other. Calling 
them the fundamental vectO'l'8 qf t1~e electro-magnetic field, 
we can say that the fir8t characte'l'i8tic feat1.t'l'e qf Mawwell'8 
elect'l'o-magnetic theory con8i8t8 in tlw ye'l'fectly 8ymmetrical 
form if C1'o88-connection between its fundamental vector'8, one 
of the8e c}'o88-connection8 8tating the law of ind1J,ced magneto­
motive f01'ce and the other 8tating the law of induced etect'l'o­
motive fOr'ce. 

A symbolical statement of these two laws shows this symme­
try more clearly. 

Let X, Y, Z be the components of the induced electromotive 
intensity at any point of the field. 

Let lX, /3, y be the components of the induced magnetomotive 
intensity at same point of the field. 

Let dt' dt ' dt' be the components of the intensity of the elec-
(if dg dh t 
da db de I tric and ma;gnetic currents, respectively, at 
dt' dt' dt') the same POlllt. 

If the electric vectors be measured in electrostatic and the 
magnetic vectors be measured in electro-magnetic units, then, 
V being the ratio between the two, we can state symbolically 
the two laws as follows: 
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4'1f dct (Z OY)"1 
V dt - oy - oz I 
47t db (OX OZ) 
v"({i OZ - ox \ 
47t de (OY OX) 
V dt - - ox - oy J 

First law. 

47t df or 0/3 I 
V dt - oy - -

I OZ 
47t du _ oa or 

~ V dt - OZ ox I 47t dh 0/3 oa 
Second Law. 

V dt - ox - oy J 
An immediate consequence of these two laws is the following 
important relation :-

~ (da) 0 (~:) 0 (~) = ox dt + oy + OZ 
0 

o (df ) 0 
(~n 

() 
(~:) = ox (it + oy + OZ o. 

That is to say, the magnetic and the electric currents follow 
the laws of flow of an incompressible fluid. Hence they form 
closed paths. This is one of the essential differences between 
the Maxwellian theory and the older electro-magnetic theories. 
Numerous other essential differences can be deduced directly 
from the two laws by a proper interpretation of the physical 
meaning of the perfect formal similarity existing between them. 
One or two only of the several of these essential differences 
which were first pointed out clearly by Hertz,* should be men­
tioned here, in order to show their general character .. The mag­
netic field induced by a loop of wire carrying an electric current 
(which we may call a varying electric solenoid) has the same form 
as the electric field induced by a varying magnetic solenoid which 
has the same geometrical configuration as the loop; hence just 
as two varying electric solenoids exert a magnetic force, so two 
varying magnetic solenoids exert an electric force upon each 
othe)·. 

An experimental proof of the existence of the electric field 
of force induced by a varying magnetic solenoid would consti­
tute a direct experimental evidence in favor of the Maxwellian 
theory. It is evident, however, that extremely serious and 
apparently insurmountable technical difficulties would be 
enconntered by every attempt to verify experimentally this 
relation and similar other reciprocal relations which, taken 

* Wied. Ann. xxiii, p. 84, 1884. 
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together, constitute the physical meaning of the perfect sim­
ilarity in form between the two fundamental laws of Maxwell's 
electro-magnetic theory.* Rowland's classical experiment 
which proved the existence of a magnetic field produced by 
a moving electrostatic charge, and Rontgen's detection of the 
magnetic effect of a varying dielectric polarization, may be 
considered as the only direct experimental evidences ever 
obtained. 

2. Second part of Maxwell's theory. 

A search for a source of indirect experimental evidences 
leads to the second and most interesting, but at the same time 
most difficult, part of Maxwell's electro-magnetic theory. The 
prinoipalfeaMtr'e qf tld8 part i8 tlw 8eoond cllarcwteri8t·io fea­
ture of thi8 tlwury. It i8 the importance of the funotion wlticlb 
i8 performed by the phY8ioal oon8tant8 qf the jield, namely, by 
the 8peC1jio 2nduotive oapaoity, the magnetio permeability, and 
the re8i8tivity. 

These constants Maxwell defines by the law of fiux, which 
in the well known notation is expressed as follows: 

f = K X, U = K Y, h = K z II 
4~ 4~ 4~ 

Jl Jl Jl for isotropic 
Ct = 4~ (1', b = 4~ fl, c = 4~ r I media. 

X Y Z 
u = k' v = Ii' 'IV = k ) 

f = Kl X = K. Y I" = K, Z I 
4~ ,u 4~' 4~ I 

I f . . r 01' amsotropIC 
I media. 
I 
j 

X Y Z 
u = k

1
' V = k,' 'IV = k, 

It should be observed now that the first part of this law, 
referrillg to isotropic media, is a statement of experimental facts 
as long as we confine ourselves to constant and slowly-varying 
forces; it is an hypothesist in every other case. The second part, 
referring to anisotropic media, was a pure hypothesis at the time 
when Maxwell first stated it. He justified it by pointing out 
the close connection between the optical and the electro-mag­
netic constants. Hence just as double refraction of light in a 
substance proves that the optical constants of the substance 
are different in different directions, so the double refraction of 

* Lodge, Phil. Mag., June, 1889. 
t See Goldhammer, Wied. Ann. xlvi, p. 99, 1892. 
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electro-magnetic waves in a substance can be accounted for by 
the electro-magnetic theory by assuming that the electro-mag­
netic constants of the substance are diff61·ent in different direc­
tions. There seems to be no strong evidence against the 
assumption that Maxwell looked upon this form of the law of 
flux as merely a first approximation to truth. 

We are ready now to describe the sources of indirect experi­
mental evidences in favor of the hypotheses on which rest the 
two fundamental laws of .Maxwell's electro-dynamics. It seems 
desirable, however, to make first the following slight digres­
sion. Oombining the two fundamental laws with the law of 
flux and considering, for the sake of bl'evity, that the medium 
is isotropic and non-absorptive, we obtain: 

KdX 
V dt 

JI oa 
V dt 

oy 0(3 } 

: o~ ~ :oz; (~) 

(oZ OY)} 
~ -. II~ ~ ~': (B) 

Equations (A) and (B) and similar equations for absorptive and 
anisotropic media are very often called the mathematical state­
ment of the two fnndamentallaws of Maxwell's electro-dynamics. 
Such a presentation of the Maxwellian theory seems not only 
entirely unnecessary but also misleading. For the hypotheses 
by means of which }\'laxwell passed from the two experimental 
laws of magneto-electric and of electro-magnetic induction to 
the two fundamental laws of his electro·dynamics have very 
little if anything to do with what mayor may not be the com­
plete form of the law of flux as stated above, not even if we 
choose to accept Maxwell's mechanical models of the electro­
magnetic field as correct representations of what is going on in 
such a field. In these models the constants K, fl, k, have a 
definite mechanical meaning, bnt this meaning does by no 
means lead to the conclusion that for all periodicities of the 
impressed forces equations (A) and (B) are equivalent to that 
mathematical statement of the two fundamental laws in which 
the current and the forces appear as fundamental vectors, and 
no reference whatever is made to the physical constants of the 
field. Eqnations (A) and (D) should, therefore, be treated as 
an adnlteration of Maxwell's fundamental laws, the foreign 
element in this adulteration being that form of the law of flux 
which Maxwell employed. This adulteration may do, and as 
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will be pointed out presently, actually does just as well, in many 
instances, as the real thing, but there are considerations, to be 
discussed presently, which seem to speak very forcibly against 
the equivalence between this adulteration and the real thing. 

The main thread of the discussion can now be taken up 
again. Combining the two fundamental laws with the law of 
fiux, the well known relations of which the following are types 
are easily obtained: 

d'X 47l' dX V" + ,d'X 
dt" k,K, dt = pK, 

d'a 47l' da V' 
-dt" + k,K, dt - ,Uf( ,d'a 

For aU non-absorptive isotropic insulators we shall have 

d'X V' 
= K ,d'X dt' 

d'a 
dt' 

V' 
I{ ,d"a 

These equations describe the source of indirect experimental 
evidences of the Maxwellian thcory. They constitute the second 
part of this theory, and they show better than any words can 
the important function which the physical constants of the field 
perform in our modern views of electro-magnetic phenomena. 
It was reserved for Hertz and his followers to reveal by actual 
experiment the wealth of t.his source and to demonstrate 
beyond all reasonable doubt that long electro-magnetic waves· 
are propagated in perfect accordance with the laws stated in 
these equations. These laws are, within certain limits which 
wi~l be mentioned presently, a perfect analogy to the laws of 
propagation of luminous waves. Hence experimental results 
obtained from electro-magnetic phenomena invol ving the· opera­
tion of fOJ'ces whose pet'iod is not shorter than the shortest 
period of the Hertzian waves, give a decisive victory for the 
hypotheses which underlie the Maxwellian electro-magnetic 
theory. 

But this theory is much broader. It states that, probably, 
light is an electro-magnetic phenomenon. It fails, however, to 
give a satisfactory account of some of the most striking optical 
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phenomena, as, for instance, dispersion, absorption, rotation of 
the plane of polarization, etc. In other words, it fails to give 
a satisfactory general relation between optical and electro-ma~· 
netic constants without resorting to additional hypotheses. 

This failure is not confined to the electro-magnetic theory; 
all optical theories labor under the same difficulty. There is, 
however, one distinct and important advantage which the 
electro-magnetic theory has over other optical theories. It is 
the definiteness of its premises. For whereas the dynamical 
theories of light mnst start with the material attributes, den­
sity and elasticity, of an unknown substance, the ether, which 
possibly may not resemble ordinary matter and whose material 
attributes, if it has them at all, seem to be entirely outside of 
the possibility of direct experimental test, the electro-mag­
netic theory endows the same substance with no other attri­
butes excepting those contained in Maxwell's first and second 
law of electro-dynamics and the law of flux, and it proves the 
actual existence of these attributes by direct experiment cover­
ing a large region of electro-magnetic phenomena, the region 
of the Hertzian waves. It is, therefore, perfectly sure of its 
ground in one extensive re~ion of ether manifestations. 

The limitations of the Maxwellian hypotheses are also very 
clear from the character of the experiments which guided the 
formation of these hypotheses. These expel'iments were per­
formed with constant or vel'y slowly-varying forces, hence the 
obvious probability that Maxwell's hypotheses need a modifica­
tion in the case of electro-magnetic phenomena involving the 
operation of rapidly-varying forces; in other words, Maxwell's 
,electro-magnetic theory must be extended so as to include the 
periodicity of its fundamental vectors before it can become a 
satisfactory optical theory. . 

The first and the second law of Maxwell's electro-dynamics 
in the form stated above contain no mention of the physical 
constants of the field. If our experience with optical phe­
nomena can be relied upon to guide ns in our attempt to 
extend the electro-magnetic theory, then we should naturally 
infer that the element of periodicity can enter into Maxwell's 
electro-magnetic theory thl'Ough the physical constants, only, of 
the field, and therefore through the law of flux and not 
through the two fundamental i7l.ws, which, in my opinion, do 
not contain these constants explicitly. It is, therefore, the law 
of flux which in all probability must be extended so as to 
include the periodicity of the impressed forces, if Maxwell's 
electro-magnetic theory is to become a theory of li~ht. A 
careful analysis of the several satisfactory electro-magnetic 
theories of dispersion and absorption and of the magnetic rota­
tion of the plane of polarization supports this conclusion. I 
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refer in particular to the following investigations and reserve a 
more detailed discussion of this matter for a future occasion: 

Von Helmholtz, Wied. Ann. xlviii, pp. 389 and 723, 1893. 
Goldhammer, Wied. Ann. xlvii, pp. 93 and 265; xlvi, p. 71, 
1892. Drude, Wied. Ann. xlvi, p. 353, 18\)2; xlviii, p. 122 
and p. 356; xlix, p. 960, 1893. Ebert, Wied. Ann. xlviii, p. 
1, 1893; Ji, p. 26~, 1894. 

3. Extension of the law of flux. 

The qnestion arises now, can we without resorting to any 
hypotheses not already contained in Maxwell's electro-magnetic 
theory find a more general and satisfactory form for the law of 
flux? This question can be answered in the affirmative, pro­
vided that by a law of flux we mean a quantitative relation 
between the electric force and the electric flux on the one 
hand and the magnetic force and magnetic flux on the other. 

Oonsider two large conductors insulated from each other by 
a perfect non· conductor. Let oue of them be connected to 
one pole of a galvanic cell and the other to the other pole. 
We know that as soon as these conductors are connected in the 
manner described an integral transient current takes place 
whose value depends on the capacity of the conductors. The 
work of the cell appears half as heat in' the conducting parts 
and half as potential energy in the dielectric. If Q be the 
integral current and E the electromotive force of the cell, then 

EQ=total work of the cell. 
tEQ=potential energy stored in the dielectric. 

Let X, Y, Z be the components of the intensity of the electro­
motive reaction at any point of the dielectl'ic and at any 
moment during the flow of the integral current. 

L eif ely dh b I fl" f h et dt' dt' dt e t Ie components 0 t 1e mtenslty 0 t e 

electric displacement current at the same point and time, then 
t 

rdt~(X¥ yd,q z dh)dT=~EQ .J 0°!! I dt + dt + dt 11 

where dT is an elementary volume of the dielectric. The inte­
gration extends over the whole dielectric field and over the 
interval of time from the stUt't to the completion of the integral 
current. It is evidently immaterial how X .... andf .... 
vary during the flow of the integral current; the final resultant 
potential energy in the dielectric is, according to experiment, 
always the same and equal to tEQ. According to their phys­
ical character X ... f . .. are, of course, finite, continuous, 
and singly-valued functions of the time; we can apply, there­
fore, to the indicated integration all the rules of calculus which 



M. I. Pupin-Stuclies in the Electro-magnetic Theory. 337 

are applicable to such functions. Integrating by parts we 
obtain 

t 

j<X,/, + Y,U, + Z,h,)dr-f1[f:; +/Z +h~~]dT=iEQ 
o 

where the suffix 1 denotes that the value at the moment of 
cessation of the integl'al current is to be taken. 

N ow it can be easily shown that the first integl"al equals EQ. 
Hence 

t 

f lt'S (xClf _fdX) + (ydU _gdY) + (Zdh __ hdZ) } dT=o ,'1 1 dt dt dt dt dt dt 
o 

Every functional relation between X ... f . .. which will 
satisfy this equation will be a permissible form of the law of 
flux. 

For instance, 
KKK 

f=-X, u=-Y, h= -Z 4n 4n 4n 
is one set of relations which will satisfy this equation. 

Here is another set . 
1 

f= 4n(KllX+K12Y +K"Z) 

1 
g= 4n(K.,X+K .. Y +K .. Z) 

h= 41n(K.,X +K .. Y +K •• Z) 

where K12 =I(", K"=K,,, K •• =K •• 

By a suitable selection of cool'dinate axes this set can be 
written 

f=K,X 
4n 
K 

(J=~y 
.~ 47t 

K h=----.!Z 4n . 

A third set of relations is obtainable by supposingf, g, l~ to 
vary harmonically, since in this case 

d'"f 
dt'n = (-1 )''1l''f, etc. 

where p = 27tX frequency, we obtain 
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( 471' 1 
f= l471' 'A X --P ) K. 

( 471' J 
g= 1471' 'B Y 

l --P K. 
r 471' I 

l~= I 471' '0 I Z 
lK,-P ) 

as another possible set of relations. 

Here A=a.-a,p'+ct.P'- ... . 
B=b.-b,p"+b,p'- ... . 
O=c.-c.p·+c.p·- ., .. 

In this permissible form of the law of flux the constant which 
corresponds to specific inductive capacity is a function of the 
periodicity. A large variety of other relations can easily be 
found all of which will satisfy the integral equation. 

If the dielectric is absorpti ve then the value of the integl'al 
does not vanish but equals the heat developed in the dielectric. 
Rence in general 

(0) rdtl{'(X'Y _fd!.) + (y~_gdY) + (Zdh_h~) } d1'2-0 :J ~J dt dt dt dt dt dt 
o 

contains all the possible forms of the law of flux relating to 
the electl'ical force and the electl'ic flux, which are consis­
tent with :Maxwell's hypotheses and with the quadratic for,m of 
electropotential energy. . 

A similar relation between the magnetic force and the mag­
netic flux can be obtained. Oousidet· a loop of wire in which 
a galvanic cell sets up a CUl'l'ent. From the moment of closing 
the circuit up to the ~ime when the Clll'rent becomes constant 
magnetic energy is stol'ed up in the medium. The final 
amount of magnetic energy will be in the well known notation 

W=tLU' 
Let a, /3, r be the components of the intensity of the mag­

netomotive reaction at any point of the field and at any 
moment dUl'ing the flow of the magnetic integl'al current. 

L da db dc b I f h' . f 1 et de' dt' dt e t Ie components 0 t e mtenslty 0 tIe 

magnetic curl'ent at the same point and the same moment, then 
t 

fif( dct (Jdb dC)a lLO' Gt a-+ - +y- 1'='1 dt dt dt 

Integl'ating by parts we obtain 
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, 
j(a,a, + f3,b, + y\c,)dr-!d1( a~: +bf{! +c~)dr=tLc. 

o 
The first integral refers to the state of the field when the elec­
tric current has become constant and therefore the magnetic 
integral cnrrent has ceased to flow. The value of this integral 
can be easily shown to be LO' and we have, therefore, 

• 
f dt r J (a dct _ a da) + (f3 db _ b dfl ) + (r de -e ily) ldr=O 

o J 1 dt dt dt dt d t dt r 
The same relations can be deduced from this integral as from 
(0). If the dielectric of the field is absorpti ve then the last 
integral equals the heat developed in the field. We can put, 
therefore 

as the most general relation between the magnetic force and 
the magnetic flux. 

Equations (0) and (D) are the consequence of the following 
premises :-First, the hypothese~ by means of which we pass 
from the two experimental laws of electro-magnetic and magneto­
electric induction to Maxwell's two fundamental laws are cor­
rect. Second, it is an experimental fact that the electric energy 
of the field is proportional to the square of the integral electt'ic 
and the magnetic energy is proportional to the square of the 
integral magnetic current which has passed across the field. 
Third, the principle of conservation of energy is applicable to 
the processes just described. 

Since these eqnations (0) and (D} contain as a special case not 
only that form of the law of flux which Maxwell employed in 
the second part of his electro-magnetic theory, but also a large 
variety of other forms of that law, in which the physical con­
stants which determine the propagation of an electro-magnetic 
disturbance appear as functions of the periodicity of the im­
pressed forces, and since forms of the law of flux of the same 
type as these latter forms were assumed hypothetically in 
most of the recent developments of the electro-magnetic theory 
of light because they lead to a tolerably satisfactory explana­
tion of the phenomena of dispersion, absorption, rotation of 
the plane of polarization,-it follows that we can accept· these 
two equations as the most general expression for the law of 
electro-magnetic flux. 

Summary. 
The main points of this essay can be summed up as fol· 

lows: 
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Maxwell's electro· magnetic tlleory consists of two distinct 
parts. The essential elements of the first part are the law of 
induced electromotive fOl'ce and the law of induced magneto­
motive force. These two fundamental laws are an extension 
of the two experimental laws of magneto-electric and of electro­
magnetic induction, which extension consists in adding to what 
is already contained in these experimental laws the hypotheses 
that the magnetic and the electric flux in dielectrics al'e not a 
mere mathematical fiction, as the older electro-magnetic theories 
supposed, bnt an actually existing state in the dielectric whose 
rate of variation through any imaginary surface in the dielec­
tric is propOI'tional to the reacting electro-motive, respectively 
magneto-motive force, induced around the circuit of the bound­
ary line of this surface, The value of the reacting force is 
independent of the nature of the substance through which the 
circuit passes. Hence the physical constants of the elect 1'0-

magnetic field (that is specific inductive capacity, etc.) do not 
appear in the first part of Maxwell's electro-magnetic theory. 

The second part of this theory takes account of these con­
stants by adding to the two fundamental laws just mentioned 
the ordinary form of law of flux. The first two laws are a 
cross-connection between the varying flux of one type and the 
reacting force of the other type; the law of flux, on the other 
hand, is a direct connection between the fOl'ce and the flux of 
its 'own type. Oombilling the two fundamental laws with 
the law of flux, we obtain the fundamental differential equa­
tions of the second part of Maxwell's electro-magnetic theory. 
These equations are a mathematical statemellt of the laws of 
propagation of an electro· magnetic disturbance through various 
media, exhibiting the I'emarkable fact that, on the one hand, 
the velocity of propagation of an electro-magnetic disturbance 
is approximately and the wave-form of propagation is exactly 
the same as in the case of light; on the other hand, however, 
the velocity of propagation of an electro magnetic wave 
through a non-absorptive dielectI'ic is independent of its 
periodicity, a fact which does not hold tl'Ue in the case 
of light.* Hence although both pal'ts of the Maxwellian 
theory agree well with experimental facts wllich were brought 
to light by the labors of Hertz and of other physicists 
who extended the Hertzian methods of investigation, yet this 
theory falls short of being a satisfactol'y theory of light, because 
it represents the propagation of electro-magnetic waves as inde-

* An appnrent exception to this is the propagation of light through the most 
perfect of all dielectriCS, namely. the ether in a perfect vacnum The velocity of 
propngation of light through this dielectric is, wllhin the narrow limits of the 
vi,ible spe('trnm. independent of the wave length. The qnestion. however, 
whether all wave-lengths travel throngh pnre ether with the sallie vej,)city has 
not yet bee1l answerpd defiLitely. The statement. therefore, that the velocity of 
Hertzian waves in ether is the same as that of light is somewhat indefinite. 
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pendent of the periodicity of these waves, and therefore fails to 
account for some of the most important optical phenomena 
like dispersion, absorption, etc. These phenomena we know 
to be due to the dependence qf the optical constants of a sub­
stance on the periodicity of waves; hence, if Maxwell's electro­
magnetic theory is to become a satisfactory theory of light, it 
must be extended so as to represent the electro-magnetic con­
stants of a substance as functions of the periodicity of the 
impressed electro-magnetic forces. This extension of the Max­
wellian theory will affect, therefore, the law of flux only, and 
not the first part of this theory, since this part does not and 
should not contain any reference whatever to the nature of the 
medium of which the electro·magnetic field is composed. 

This opinion is confirmed by the recent developments of the 
electro-magnetic theory of light, since in these the law of flux 
and not the two fundamental laws of Maxwell's theory appeal' 
in a modified form. Besides, it is obvious that Maxwell's form 
of the law of flux holds tr1le for constant and slowly varying 
forces only. In every other case its application is only tenta­
tive. The second part of the Maxwellian theory should, there­
fore, be considered as a tentative and therefore approximate 
description of the laws of propagation of electro-magnetic dis­
turbances. A more accurate description of these laws must 
proceed from a more general form of the law of flux, a form 
which will hold true for forces of all periodicities. That such 
a form of the law of flux actually exists is rendered highly 
probable by considering the most general relation between the 
electric and magnetic forces and their fluxes which will satisfy 
Maxwell's fundamental hypotheses, and also the observed fact 
that the electric, respectively magnetic, energy of the medium 
through which an integral electric, respectively magnetic, cur­
rent lLa8 pa88ed is a quadratic function of that integral current. 
This general relation is expressed by the forms (0) and (D) 
deduced above. 

Maxwell's provisional form of the law of flnx is a special 
case of this general relation. This general relation suggests 
also that many other forms of the law of flux are permissible 
in which those physical constants which- determine the propa­
gation of an electro-magnetic disturbance appear as functions 
of the periodicity of the disturbance. But these constants are 
not specific inductive capacity, magnetic permeabilities and 
resistivity of the medium. 

It still remains to be shown that according to Maxwell's 
electro-magnetic theory a law of flux containing explicitly 
the periodicity of the impressed forces is not only admissible 
but also necessary. When that is shown, then this theory 
will have fulfilled one of the most essential conditions which 
every satisfactory theory of light must fulfill. 

Effingham Park, West Islip, L. 1., Aug. 20, 1895. 
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