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ART. XLIII.-An elementary proqf of the Earth's Rigidity; 
by GEO. F. BECKER. 

D~nition qf'rigidity.-The term rigidity, as used in the 
theory of elastic bodies and in the theory of the earth, denotes 
any degree of resistance to change of shape. It must be con­
fessed tbatthe selection of this word to express this quality is 
not a fortunate one. In ordinary mechanics, as in ordinary 
life, a rigid body means one which is incapable of change of 
shape. Such a body would be called by elasticians infinitely 
rigid, and they attribute to every substance which shows elas­
ticity of shape, however small, or in other words to every solid 
substance, the property of rigidity. Thus both india-rubber 
and steel are in their language rigid bodies, the difference in 
this respect being that the "modulus of rigidity" of steel is 
much greater than that of rubber. From the ambiguity of the 
term rigid, some geologists who were unfamiliar with his 
writings have been led to suppose that Sir William Thomson 
maintained that the earth is incapable of deformation. So far 
is this from the truth that Thomson was the first physicist 
who investigated the tidal problem on the hypothesis that the 
earth undergoes deformation by the attraction of the moon or 
sun. It is to be understood, then, that the title of this paper 
may be stated less concisely, but without change of meaning, 
as "an elementary proof of the earth's resistance to change of 
shape." It will not be found that the term rigidity, once 
understood in its special sense, leads to confusion. 

Dijfimdfly of Thom80n' 8 Problem.-No geologist would 
think of denying that the question of the earth's solidity is the 
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most important in physical geology, but as it has been treated 
by physicists, the subject is one of peculiar difficulty. Sir 
William Thomson has shown that the earth exhibits to the 
attractive forces of the sun and moon a resistance so great as to 
imply that it is solid throughout. To reach this conclusion it 
is necessary to determine separately the resistance to deforma­
tion which a solid sphere presents because of the mutual attrac­
tion of its parts, and the resistance due to the elastic forces 
which are called in play when deformation occurs. 

The resistance due to gravitation is thoroughly well nnder­
stood and this portion of the subject is not hard to master. On 
the other hand, the determination of the elastic resistance is 
very difficult. The general theory of the statics of elastic 
bodies is highly complex, and physicists al'e by no means 
agreed as to whether the general equations involve 21 or only 
15 independent constants. * Both schools accept as the empir­
ical basis of calcnlation Hooke's law, which experiments show 
to be only approximately true for small pressures, while for 
high pressures it is morally certain that the so called constants 
assume other values, and no physicist professes to be able to ob­
tain results which are strictly accurate excepting for infinites­
imal deformations.-On the basis of the general elastic theory, 
Lame investigated the equilibrium of an elastic sphere by the 
method of spherical harmonics. There seems to be no doubt 
that this investigation is a masterpiece of genius. Thomson's 
inquiry is based upon Lame's. He has considerably simplified 
the discussion, but without rendering it either short or easy; 
and he has applied it to the case of a homogeneous, isotropic 
sphere, of the size and mean density of the earth, without 
mutual gravitation of its parts, but subject to the attraction of 
a distant external body such as the snn or the moon. That 
even this application of Lame's problem is laborious may be 
inferred from the fact that Thomson himself refers to the 
" tedious algebraic red uctiolls " which he omits. 

The result, so far as the earth is concerned, is an extremely 
simple formula for the ellipticity of an elastic sphere. 

When this formula is once reached, Thomson's argument for 
the great effective rigidity of the earth presents no difficulty 
which may not be made intelligible to any geologist. It is not 
strange, however, that there has been some reluctance in geo-

* B. de Saint-Venant, probably the greatest elastician up to this time (he died 
in lR86), followed Poisson in maintaining that eolotropic elasticity involves only 
15 modnluses and that isotropic elasticity involves but I constant. On the other 
hand, Green, Stokes, Thomson, and others, starting from a different view of the 
molecular constitution of matter, argue that 21 and 2 moduluses respeclively are 
requisite. Lame adopted the molecular theory which leads to uniconstant iso­
tropy, but expresses his resultH by bicoustant formulas. These are certainly the 
more convenient, for they can at once be reduced to uniconstant forms. See Tod­
hunter's History of Elasticity. 



338 G. ]i'. Hecker-Proof of tl~e Earth'8 Rigidity. 

logical circles to admit the necessity of a result the demonstra­
tion of which scarcely anyone-perhaps no one-generally 
classed as a geologist can follow critically. 

Pos8ibility of a 8impl1':fication.-It occnrred to me that, 
since even the result of the Lame-Thomson investigation is 
only an approximation for real (or finite) strain there might 
he sOllle simpler way of reaching another approximation which, 
though less accurate, would he sufficiently close for a demon­
stration of the rigidity of the earth. Thomson's result is that 
the ellipticity of the elastic sphere, under the limitations men­
tioned above, is in of a certain constant. If one could show 
that this ellipticity were, at all events, greater than i of this 
same constant, it will appear by an examination of Thomson's 
argument that substantially the same results would follow. 

I have succeeded in proving this inequality by a method so 
simple that no mathematics beyond plane trigonometry is need­
ful to follow it. Besides presenting this proof in the most ele­
mental'y possible manner to my colleagues, I shall take the oc­
casion to follow out Thomson's argument in the way which 
seems best adapted to geological readers, for it appears to me 
certain that'on some points he has been very generally misnn­
derstood. 

General c/tar'acte.r of the eartll'8 eZast'ic 8train.-The prob­
lem of the deformation of an elastic sphere hy the attraction of 
an extemal body like the moon is closely analogous to the 
simplest tidal problem. Suppose that the earth were always 
to present the eame fnce to the moon, .iust as the moon presents 
(nearly) the same face to the earth. Then the waters' would 
be drawn upward toward the moon to a definite ellipsoidal 
surface capable of accumte computation. This ellipsoid would 
have three unequal axes, of which the longest would be di­
rected toward the moon, while the polar axis would be the 
shortest. The difference between the polar axis and the shorter 
of the equatorial axes would he due to the rotation of the 
earth-11100n s}'Stem, and but fOl' this rotation the two bodies 
would fall together. This rotation, however, produces an ellip­
tical fiattening of the globe, while the attraction of the moon 
produces a distinct but superimposed elongation of the golobe. 
It is desirable to separate these two effects and this can be 
done by the following device. 'rhe earth may be supposed at 
rest ill space and subjected to the action of two bodies fixed at 
equal distances from it ill opposite directions. If each of these 
bodies has half the mass of the moon, and if the distance of 
each of them from the earth's center is equal to the moon's 
real mean distance, then the deformation will be sensibly the 
same as that which the real moon would produce irrespective of 
the effects of rotation. It is the tide found on this hypothesis 
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which is known as the "equilibrium tide."* In the elastic 
problem, also the globe is supposed subjected to the attraction 
of two half-moons, but the resistance to deformation is sup­
posed due solely to elastic forces instead of to gravitation. 

F01'm if the st1'e8s.-Let the earth's center of inertia be 
taken as the center of coordinates; let l' be the distance of any 

y 

~R-~~------------~~~~~~----------------~~~ 

point in space from this origin and let (j be the angle which l' 
makes with the x axis. Let also f1 and x be the distances of 
the point from the two portions of the moon, and let M be 
the,mass of the moon and D its mean distance. Then, by the 
law of gravitation, the forces acting on the point are 

1\1 M 
and 

2u' 2JA' 

and here 
1" 21' 7" ')1' 

u'=D'(l + D' - D cos .9); fl'= D' (1 + D' + D cos S). 

These forces can of course be resolved in any direction by 
simple projections. The resulting formulas can also be sim­
plified without substantial loss of accuracy by neglecting powers 
of 1'/D higher than the first. The distance of the moon is 
60'3 times the radius of the earth, and the highest value of 
1"/ D' which can occur in this discussion is therefore only 
1/3,636. 

If the forces are resolved into Fn the component coinciding 
in direction with the radius vector. and Fe the component at 
right angles to the radius it will be found that 

M7' M7' 
F,= D' (3 cos' S-l) and F,= D' 3 sin S cos S. 

Or if the forces are resolved into components X, Y, Z in the 
directions of the axes (reckoned as usual per nni t voln me) 

* This system of "moon and anti-moon " is that employed by Laplace, Thom­
son and others, Prof. G, H. Darwin has given a far more elegant method of 
dealing with the equilibrium tide (Encycl. Brit., Article Tides, 1888); but though 
his treatment is very simple, it is less adapted to a paper like this, from which it 
seems best to exclude the potential. 
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x _ 21\Ix. 
- DB' 

y~}ly . 
~D" 

z_:Mz 
-D" 

These, or equivalent forms, are those nsed in the theory of the 
tides and are amply accnrate for most problems connected with 
the subject. 

The total val ues of these fOI'ces acting 011 the earth am easily 
fonnd. COllsider first the hemisphere to the right of the yz 
plane. The force acting on eacb p~u·ticle is simply propor­
tional to its distance from the dividing plane, or to x. Now 
it is well known that if ~ is the distance of the cell tel' of 
inertia of a mass from a gi ven plane, and if 1n is the mass of 
an elementary particle ~ 2,'m= 2' (mx). I-Ience the total force 
will be proportional to the mass of the hemisphere into the 
distance of its cell tel' of inertia from the origill. For the hemi­
sphere ~=3a/8 where a is the radins, and jf 1/) is the mean 
density, the whole fmce acting on the basal plane is say 

,r 2M ~ 21\1 3 . 2 , 2M na'w 
na X= 1)3 2(mJ;)= D' ·sa. 3 n a 10= D' -4-' (1) 

In precisely the same way olle finds fO!' the sum of the forces 
affecting the hemisphel'8 which lies above the xz plane 

no'Y = l\I "!(~."!. 
D" 4 

and the symmetry of the· fignre shows that Z= Y. 
The deforlllation of an clastic sphere of the size and mean 

density of the earth by a mass so small as the moon (1/83 of 
the mass of the earth) and at sllch a distance from it, is of 
comse very minute. The 1I10st prohable deformation in fact 
all10nnts to an ellipticity of abont 1/10,000,000. It may he 
infened therefO!'e that the deform ing stress 011 the plane pass­
ing throngh tIle earth's center of inertia at right angles to the 
dil'ection of the 11100n is not "el'y fal' from uniform. Were 
this the case the earth would be ·llOlllogeneonsly strained, so 
that each elementary cuhe would suffer the same distortion. 

S£mjJle strain sjJlwroid.-Suppose a cnbe of isotropic, homo 
geneons, incompressible matter (like india rubber) subjected to 
a llniforml,y distributed tellsile stress ill the direction of the x 
axis. Then by Hooke's law the elongation per unit length 
will be propOl"tional to the force per 1111it area, say X; and if 
n is the constallt called the rnodull1s of rigidity, this elongation 
is X;:)1/,. If the mass is but little strained and tLe volume is 
constant, this elongation is accollJpanied by a linear lateral COll­

traction in each direction which is equal to half the elonga­
tion. ,'f 

* If the elongation or the unit cube iR a and the linear lateral contraction is {3, 
while the volLlme remains constant, 1=(1 + a) (I - /3)': and if a2 and a(3 are so 
small as to be negligible, this reduces to a=2,G. 
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Suppose that the cube were also subjected to a compressive 
fOl'ce Y acting at right angles to X and to a compressive force 
Z at rightangles to each of the otbers. Then if the height of 
the cn be is2a and if a, {3, r al'e the displacements on the three 
axes, the cube will be elongated in the direction of x by 

2aX 2aY 2aZ 
a=-- + - + -

3n un 611, 

and it will be contracted in the direction of y by 

1'1 2aX 2a Y 2aZ 
fJ = 6n + 3?~ - 6n 

and r will be symmetrical with {3. 
In a special case let 2Z=2Y =X. Then 

2aX 2ctX 
a = --; /3=y= --. 

2n 4n 
N ow this is precisely the effect which would be produced by 
a simple tensile force, P in the direction of x, unaccompanied 
by lateral forces, if 

(2) 

Consider a spllel'e of radius ct inscribed III the cube before 
the application of the force P. After the mass was strained 
the sphere would have become an ellipsoid the major semi-axis 
of which would be 

a+~ =a(l +~) =a(1 + ~) 
2 2n 3n 

and the minor semi·axes would be each 

f3 X) P 
a-""2=a(1-4n =a(1-6n') 

The ellipticity of this ellipsoid would be 

(I-P) 
Gn P 1 e - 1-a --- - . =-. --- a(l+J» 2nl+_I~ 
3n 311. 

Here P is by supposition a force so small that its square can be 
neglected and thus 

and hence also 

(1 +P/3n)-1=1- P/3n 

P 
e=-

2n (3) 
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First approximation to the eaJ·t1~'s bodily tide.-On the hy­
pothesis that the earth is homogeneously stJ·ained, I have only 
to find P of the last formula in terms of the forces applied to 
the earth. This has really been done in a preceding paragraph. 
Equations (1), (2) and (3) give 

332M a'w 1 • 
p= - X = - . - . --=-Ta 10 

2 2 D' 4 2 

where r=3M/2D3 is introduced for brevity; and if eo is the 
ellipticity of the eaJ-th regarded as a simple strain ellipsoid 

5 • 
e, = :LOn Ta w. 

Oharacter qf tlw approOJimation.-N 0 use can be made of 
the value e8 unless it can bc shown that it is less than the true 
value. It has been found 011 the hypothesis that the stress is 
uniformly distributed and that the mass is incompressible, and 
neither supposition is stl"ictly COl"i'ect. 

If one considers the true distribution of stress, it is almost 
self-evident that the applied force will be gJ·eater near the 
major axis than near the periphery of the yz section. But 
this can easily be proved. Suppose a slender c.ylinder of the 
elastic spheroid close to its major axis, separated from the sur­
rounding mass as if by a diamond drill. 'rhen the force acting 
n pon this cylinder will be its mass into the distance of its cen­
ter of inertia from the origin. But this distance is a/2 while 
the center of inertia of the hemisphere is only 3a/8 from the 
origin. The cylinder will therefore be much more elongated 
than it would be if the sphere were homogeneously strained. 

When this axial cylinder is connected with the surrounding 
mass, it will be held back to some extent and cannot be so 
much elongated as if it were free. But the fact that, when 
free, it is elongated by more than the average amount per unit 
length, proves that even when nnder constraint there is a ten­
dency to greater elongation, which must be operatiye to some 
extent. 

If the two lateral compressions due to the forces Z and Y 
are considered, it is clear that these strains will also be more 
intense near their respective axes than is assumed on the 
hypothesis of homogeneous strain. Thus the approximation 
underestimates the longitudinal extension and underestimates 
the lateral contraction; in short, it underestimates the ellipti­
city of an incompressible mass. 

The famous result of Sir William Thomson for the case of 
incompressibility is, say, 

5 
e, = --Tct'W = 1·05e, 

19n 
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Injllienee qf eom:pressi1ri1ity.-It will be well to consider 
first the effect of compressibility on the hOlllogeneonsly strained 
spheroid already discnssecl. If k is the coefficient of compres­
sibility (becoming (f) when the mass is incompressible) the 
elongation of a clliJe of height 2(t becomes 

x( I 1) 2Cl-, -+­
:in Ok 

and the accompanyillg lateral contr;lction is 

:2ClX(~ - ~).* un 9/.; 

The elongations and contractions for Y and Z are of course of 
the same form. If these values are introduced into thc expres­
~ions for a, /3, r, it will he found that the terlllS in k cancel. and 
that the ellipticity is exactly the same as for the case of incom­
pressibil ity. 

To find the effect of compressibility upon the sphere when 
the distribution of strains is the real one. it is more convenient 
to deal with the poInt· components of the forces or 

r ,\11'( " -s ) v :lUI' . C\. a. " = D' 3 cos· -1 ; r t = D' :3 SlIl ..J COS ..J. 

The latter 01' tangential component will have 110 effect upon 
the volume. The forces of this form will form couples tending 
to increase the angle which each diameter originally made with 

the yz plane. Oompresf'ion or dilatation will be produced by 
the component which is directed toward or from the center, or 

* For the very simple method by which these formulas are established, see 
Thomson aod Tait, N atnral Philosophy, § 683, or Thomsou's article on Ela~ticitv 
in the Eucyc!. Brit. • , 

AM. JOuR. SCI.-THIRD SERIES, YOLo XXXIX, No. 233.-MAY, 1890. 
23 
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by F,o. This force vanishes when 3 cos28=1 or when 8=54:° 4:4:', 
nearly. The lines of no compressive force form a cOlle of two 
sheets, the axis of which coincides with the line connecting the 
two halves of the moon. Within this cone the forces Fr are 
directed from the center and tend to prodnce dilatation of the 
mass, and F,. is a maximum on the axis where it has the value 
Ml' 2 ]), . Between the sheets of the cone is an annular mass 

bounded on the surface by a zone. ~Within this mass the 
forces are directed inward, and tend to pl'Oduce compression. 
The compressive force is maximum when ~=90 and thus has 
the value M?'/D'. 

This distribution is illustrated in the diagram on page 343, 
where an arbitrary length is assumed as eqnal to the valne of 
the force on the x-axis and the other forces are exhibited in 
the trne proportion to it. * 

-When strains are small, they may be supposed to take place 
successively. Thus one may al'l'ive at the distortion of a com­
pressible sphere by supposing it fir3t deformed as if it were in­
compressible, and that it then becomes compressible. 1£ this 
course is adopted in the present case, the incompressible sphere 
would be distorted to an ellipsoid of the same volume, in which 
the compressive stresses exhibited in the diagram would exist, 
hut would be inoperatiYe. If compressibility now supervenes, 
it is clear that dilatation will take place along the major axis 
and compression at right angles to it. 

General 'result for ela8tic splte1'oid.-I-Ience compressibility 
must increase the ellipticity which an elastic sphere assumes 
under a tide-generating stress. I-Ience also the ellipticity is 
always greater than Twa Zj4n, and any conclusions which can be 

* It is a noteworthy fact that Ill! ellipsoids of infinitesimal ellipticity and constant 
volume intersect the sl1I'face of the un strained sphere at the circles of no force, 
One way oJ' proving; this is as follows: Let the semi-axes of the ellipse be 
a(1 + (1) and a(1-<l/2) where 0 is so small that its square can be neglected. Then, 
the volume being constant, 

a3 = a(l + 0) . a~(l - 0/2)' 

and the equation of the ellipse is 

x' y2 
(I + <I )2 + 0-,1/2 j' = a' = ~;2 (I - 2(1) + y' (1 + v) 

when this ellipse cuts the circle, a' = x, +1/, alld 

2X2 = y' or tan' {} = 2 and cos' {} = ...!... 
3 

irrespectiva of the spherical value of (), 
The equipotential sllI'faces are hyperboloids of revolution asymptotic to the COlle 

mentioned IJ1 the text, and the equation of the potential is simply 

/ 
MI" 

F, dr=V= ----;;(3 cos' {}-l) 
2D" 
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drawn as to the rigidity of the earth by taking as a minimum 
value of the distortion 

are perfectly safe. 

Twa' e,=± --
11 

H 31.' = 571, as is the case for the theoretical, uniconstant, 
isotropic solid, and at least approximatel.y also for glass and 
iron. the result reached by the beautiful, but laborious, method 
of Lame and Thomson is, say 

e = - -- 1 + '';-7 = 1 '09 e 5 T1I)a'( 0 ) 

, 19 It "" , 

so that one is very sf1.fe indeed in taking the ellipticity as at 
least e8• 

Ellipt1'city if a fluid sphepe.-Having considel'ed the elastic 
resistance of the earth apal't from the influence which the mu­
tual attraction of its elements produces, it is next necessary to 
consider the effect of this attl'actioll apart from the rigidity, 01' 

as if the mass were a fluid. Later it will appear how the re­
sults are to be combined so as to include both elasticity of form 
and attraction toward the center. 

It is very easy indeed to prove that if the earth were a homo­
geneous, incompressible fluid of mean density 5'5, and if the 
attraction were directed to a single, central point; the ellipti­
city of the equilibrium tide would be ar /g, where g is the ac· 
celeration of pure gravitatioll.* It is somewhat more difticult 
to prove that the mutual attraction of the fluid in its deformed 
state would augment this ellipticity by 5/2. But these are 
familiar propositions of analytical mechanics, which no one 
doubts and which geologists arc safe ill accepting. 

The ellipticity of an incompressible homogeneolls fluid earth 
would then be, say, 

5 aT . , 
eo = - - = 162 X 10 T. , 2 g 

* The forces acting on a fluid sphere by the equilibrium theory are 11. 11 and 
2f1Y 2K2' 

g 
gravitation which is expressed by -a, where E is the earth's mass. This leads 

f I . .. d 1 (Ma3 ) to a value a t 18 major semI-aXIS exprcsse Jy r = a 1 + ED3' It is 

also readily pro\-ed that. for any ellipsoiu closely approaching the sphere, the 

( 2) :11fa3 
major semi-axis is a 1 + 3e. Hence e = 21~D3' (In Nat. Phil., § 804 this 

ellipticity is erroneollsly stated at twice this qU3ntity). The ordinary meaning of 
g is the resultant of gravitation and centrifugal force: but all the equilibrium 
theory there is no rotaLion of the globe, and g is then equal to ~~/a2. Substituting 
tllis and the value of T, the equation becomes e = aT/g. 



If the iinid supposed at first incompressible were to become 
compl'essible, it is clear that a would clecrease alld that g, being 
inversely proportional to the square of the distance f!'Olll tlie 
earth's center, would increase. Thus the resistance to deforma­
tion by the attraction of the moon would increase and the de­
formation measured by the ellipticity would clecrease. It. can 
also be shown in detail that if the increase iIi density took place 
ill any manner capable of approxilllate expression by Laplace's 
law (that the increase of the square of the density is propor­
tional to the increase of the pressure) c.oIl1pressibility would 
decrease the ellipticity; but even infinite compressibility would 
only reduce the ellipticity by a moderate fraction of its valne 
for the case of incolllpressibility.* Beyond a knowledge of 
the sense in which compressibility would affect the ellipticity 
of the fluid sphere jt is really not worth while to inquire, for 
it is not at all probable that the so-called constants of elasticity, 
nand k, would exhihit ill variability if we could experiment 
with pressUl'es of hundreds of thousands of pounds to the 
square inch; indeed there is good evidence of great changes in 
rigidity even at pressUl'es which have heen experimentally ap­
plied. 

Compa1'i8on ql re8nlt8.-In the following table I have col­
lected the various' ellipticities mentioned above with numerical 
expressions for spheres of the mean density of the earth, but 
with the rigidity of glass, brass and steeL Thomson gave fig­
ures for glass and steel, and I have added those for brass. I 

* Centrifugal force is equivalent to a simple repulsion from a line, au<.l if w is 
the ang"ul»r velocity, the measure of tilis force is w'r. Tide-gem'rating force is 
eqnivalent to repulsion from a plane as appears from the manner in which it was 
deduced above auel its measure is 2TX. lIenee the formulas for the two cases are 
convertible by the substitution of' one of these forces for tbe other, bearing in mint! 
that centrifugal spheroids are oblate nnd that tidal ellipsoids are prolate. See 
Nat. Phil., \:\ 834, page 4:12.-Jf l'~ \8 the mass of the earth, and if f is the ratio 
wbich the mean density of a sphere bears to its surface dem;ity, the ellipticity of 
a rotating spheroid in which there is a small increase in <.lensity from the surface 
downward, may be expressed by 

5 (,)2a3 1 
e="2 W' 2(1+4(f- J)) 

(Cf. Nat. Phil., §§ 824' and 800). In the case of the equilibrium tide, real and 
apparent gravitation coincide and therefore g = E/a2• Introducing also the value 
of T this becomes 

5 .a 1 
e = 2 g 1 + 4(/ - I) 

Similarly \:i 824'(2) giveR for the caso in which the surface density is infinitesimal 
as compared with the density at the center 

6 G (tn.) G 5 ar(') 
e = - . - - = nearly - • -' 

rr' 2 g 10 2 g 

For the reasons state(1 in the text these formulas are of no use excepting to show 
that progressive incl'case of density decreases the ellipticity of a fluid sphere. 



(). F Becker-Pl'oif of t!te Em-tll's Rigidity. 34:7 

may note that, judging from the value of "Young's modulus," 
cast il'Ol1 and phosphorus bronze have a rigidity lleflrly the same 
as that of brass, The rigidity of brass is from a determination 
by E\~erett. In the table n/g is the value of n in grams 
,,~eight pel' s(lual'e centimeter j e8 is the ellipticity of a homoge­
neously strained sphere, treated in this paper as affording a 
rough approximation; er is the ellipticity as gi\~en by Thom­
son's formula for the case of incompressibility; ec is the value 
given by his formula for the case of compressibility if 3k = 5n, 
01' if isotropy involve but a single constant. Finally Sand R, 
which will be of nse presently, al'e given by 

R - e, and R =_e_,_ 
'- - eg+e" eg+e, 

ELLIPTICITIER OF ELASTIC, NON-GRA YITATING SPHEROIDS. 

n/a e, e, e, S R 
Glass ____ 244 x 10" 235 X 10",. 248 X 10',. 257 X 104, 0'591 0'606 
Brass ____ 3i3 X 106 153 X 10',. 161 X 10',. 167 x 10', 0'485 0'498 
Steel ____ 780 x 106 72 X 104,. 77 x 10', 80x 10',. 0'311 0'322 

Comparing these ellipticities with that for a fluid sphere, 
ell = 162 X 10'" it appears that in a globe of the size of the earth, 
the lllutual attraction of parts is much more powerful than the 
elasticity of figUl'e if the rigidity is that of glass; that these 
two resistances to deformation are substantially equal if the 
rigidity is that of brass; and that gravitation is less than 
half as powerful as elasticity of figure if the rigidity is that of 
steel. +:~ 

Oambination Cit' l'e8istance8.-The ellipticity of a deformed 
sphere varies directly as the applied force and inversely as the 
resistance. Thus if \Y is the resistance one may write 

"'IV 
e 7' 

In the cases of an elastic incompressible sphere and a fluid 
sphere this equation takes the forms 

~= ]9:~ . .2. = ~ and ~ = ~2.q ~ = Jl 
e, 5 a ~o 7' 7' ei, 5 a . 7' 7' 

whCl'e the Old English letters are introduced for brevity. In 
the case of a sphere in which gravitation and elasticity co-ope­
rate, "\V = n + r and the ellipticity is expressed by 

* In the first sentence 0[' Nat. Phil., § 840, it seems to me certain that Sir Wil­
liam Tholllson must have llleant to write g-lass instead of steel, for he has just 
shown that the attl'action of the moon deforms It fluid sphere much more than it 
does a steel sphere in which there is no mutual attraclion of parts. 
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or 

1 g+r 1 1 
~- = -~.- = -- +-­
e,. T eg e,. 

e - ~ - e . _e,_. - - e R 
- 1/g+1 - 9 e,,+e,.-g 

where R is the fraction given in the table. If instead of tak­
ing Thomson's value for' t.he ellipticit.y of the elastic sphel'oid, 
01' en my rough approximation. eN' is subst.it.uted, e simply 
becomes eg8. In the table U and 8 are gi ven in decimals in 
order to show how far they differ. Excepting for this purpose 
the third decimal is of no value whatever, indeed the secolld 
decimal is also nearly if not (Iuite worthless. N ow for glass 
8=0'08 Rand consequent.ly is substantially identical with R. 

Both Rand 8 are in fact underestimated; for the earth is 
certaillly compressible to some extent and, as Ims been shown 
above, com pressibility increases e,. and decreases ego Hence the 
deformation of the solid globe as compared with a fluid one of 
the same lllean density is distinctly nnderstated in the abuve 
formulas or in other words the globe is really more rigid than 
the formulas imply.7(· The extent to which the rigidity of the 
earth is understated by the formulas howevel' must be quite 
insignificant, unless indeed the earth contains ellipsoidal shells 
exhibiting a higher degree of compressibility than is shown by 
ordinary solids and liq nids. t 

Whether R or 8 is used in the form nbs one may thus safely 
state that, if the earth had the same rigidity as glass, it would 
yield to the deforming influence of the moon and snn 3/5 as 
much as if it were fluid and that if it possessed the rigidity of 
brass it would yield 1/2 as much as if it were fluid. Even in 
the case of steel 8=0'97 R and the difference between Rand 
8 is far within the limits of error of any knowledge which we 
can ever hope to reach as to the actual rigidity of the earth. 
Thus for steel R 01' 8 may be taken at about 1/3, alld all these 
valnes, which follow fro111 the invefltigations of Lame and 
Thomson are also deducible from the inequality e> ia'rw itself 
deduced by the most elementary methods. 

* The. Rev. Osmond Fisher has attempted to reconcile the hypothesis of a 
fluid substratum with the effective rigidity of the earth (Physics of the Earth'~ 
Cru,t, 2d edition. chaptel' v). It' I understand him cOl'l'ectly, he misunrler"tauds 
Henry's law on which his argument is based. He seems to suppose that the 
amount of gas which a fillid will dissolve is proportional to the Sllm of the pres­
sures of the gas and the fluid. Henry's law shows the proportionality between 
the pressure of the gas alone and the amollnt of ga" which the fluid will dissolve. 
Water from great oceanic depths contains 110 mOl'e gas in Soll1tion than that from 
the surface. 

t Thomson after calculating tbe effect or the compressibility of the llnicoustaut 
solid on the ellipticity of an elastic spheroid. says "we see that the compressi­
bility of the elastic solid exercises very little influence on the result." Ii 837. 
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Apparent oceanic tide8.-If the earth were a fluid of density 
':)-5 and the ocean rested upon the heavier liquid, both would 
yield to the attraction of the moon almost equally and there 
would he no considerable apparent tide. If the earth were a 
perfectly rigid mass and al ways tUl'lled the sallle exposme 
toward the moon, the water directly uncleI' tIle moon would 
rise % . 11 feet or -1:* feet higher than it would stand at an 
angular distance of ~)OO from the moon. The solar tides are 
about 1/2 of the lunar tides. The actual total amplitnde of the 
tides at oceanic ports is nSllally from 2 to :3 feet. IVere the 
actual tides equal to the equilibriull1 tides, it would be pel'­
fectlyeasy to state the approximate rigidity of the earth. The 
real tides are greatly aflected hy the rotatioll of the earth, the 
ohstrllctioll of. the contillents, and the inequalities of the 
bottom. They are not static but dynamic. Neyel·thelesfi the 
fact that these are apparent tides shows that the earth possesses 
some rigidity, and the fact their alllplitude is so considerable 
compared with the equilibrium amplitude shows that this 
rigidity is great. Thus if the globe were as rigid as glass, the 
apparent tides would be only 2/5 of the real tides or ill other 
words perfect rigidity would then increase the apparent tides 
to fi/2 of their pl'esent amplitude, 80 that the alllplitude of the 
tides at oceanic stations would increase to froll1 is to 8,1, feet 
and would be Jrlllch greater than the lunar equilibriulll -tides. 
If the rigidity is really that of [wass, infinite rigidity would 
raise the oemmic tides to frolll 4 to 6 feet. If tIle earth \\'ere 
as strong as steel these tides would he raised by perfect rigidity 
to from 2J to :1:1 feet. 

Messrs. Thomson and Darwin have examined the tidal 
theories and observatiolls with especial reference to the (lues· 
tiOll of rigidity. In lSt)S, the latter 'wrote, "it callnot he ad­
mitted that perfect rigidity of the earth would angment the 
tides in the proportion of 15 to 2, althongh they might pel'lJaps 
he augmented in the pl'Opoltioll of 4 to ~1."* The context 
shows that Darwin includes tides of short period as well as 
those of long peri.od in this st:ltell1ent. 

Rigidity c:t' the earth.~ The conditions aflecting the tides 
of short period are so com plex that no more information can 
be derived from them thull i~ contained in the above quotation, 
which amounts to the statement t1Jut the earth's modulus of 
rigidity must exceed 24,400 kilogJ'aJl1s pel' square centimeter 
by some indefini.te amcinnt. But the tides of long period must 
conforlll much more nearly to the eq uilibrinm val nes than do 
those of short period. vVere the period so long that the 
kinetic energy of the ebh and fiow Cl1l'rents would be sensihly 
dissipated, 01' ,vere the waters pl'actically motionless at high 

* Encyc. Bdt., Article Tides. 
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water and low watel', the 10llg pedod tides would coincide with 
those of equilibriulll and then ohservation ",yould give a rea­
sonabl'y accUJ'ate value of t.he rigidit.Y of t.he earth. Laplace 
supposed that the fortnightl'y tides did sensibly coincide witll 
the equilibrium heightR. On this hypothesis Darwin discussed 
the observations and found that the amplitude of the lunar 
fortnightl'y and monthl'y tides is abont 2/3 of t.he equilibrium 
height. This would correspond to the rigidit.Y of steel. Later 
however he came to the conclusion that these periods are too 
short to bring the ,,'aters to rest alld that the result is thup 
vitiated. 

It is certain, however, as ~h. Darwin wrote me in N oyem­
bel', 1889, "that these tides ,,-ill not he large on a rigid eartll 
and hence the illvestigatioll remaius as a general confil'Jlwtioll 
of the rigidit)· of the ealth, without giving any quantitatiye 
evaluatiorl of its amollut."* 

If the earth had the rigidity of brass the semidiurnal rise 
and fall of the land would be half the amplitude of t.he real 
tides and would equal the apparent tides. vVere the cont.inents 
uniform in lit.hological composition alld elevlltion the tidal wave 
might pass under OUJ' feet. unnoticed, as it does under a ship at 
sea. But it seellls to me that at points near abrupt changes of 
densit.Y, as along tbe foot.. of a great mountain range 01' near the 
edge of a great oceanic abyss sllch as lies close to the Pacific 
Coast, a semidil1rnal rise and fall of two 01' three feet would 
surely manifest. itself in 'differential displacements. 

8olid1'ty uf tIle ea1'tk-The earth is thus a ver'y rigid body. 
It cloeR not follow as a matter of logical necessity that it is 
solid, because Hnder certain circlltllstances a fluid in nJOtion 
may act like a rigid Hlass toward certain external forces. On 
t.his su1)ject it call only be said that, though t.he matter has 
been considered, physicists have thus far been unable to devise 
any system ,,,hi ell will aCcollnt for t.he effective rigidit.y of the 
earth as displayed ill the tidal pllCllomena in this manner. 
No snch explanation wonld be satisfacto]''y unless the fluid 
were treated as viscous. 

* ~~r. Osmond Fisher qnotes Mr. Love in the Proc. London Math. Soc., vol. xix, 
1888, p. 206, as reaching the re~ult that only the fortl1lghtly tides can settle the 
question. If there is such a tide .. we shall be entitled to say that the tidal 
effective dgidity of the eartll is too gl'eat to allow 11S to suppose it to-consist of a 
liquid mass covered with H thin solid crnst." But. he says, .. the Tidal Oommittee 
of the British Association appears to be still doubtful whether there really is an 
apprecinble fortnightly tide." Mr. Dm'win is or has been a member of the Brit. 
Assoc. committees on tides (excepting olle to proll1ote tidal observations ill Can­
ada) and has 1lsnally written the reports of these committees. I can find no 
evidence in these roports of any stich doubt as is mentioned. Darwin spea ks of 
these tides as" distincLly sensible" in Proc. R. S., Nov. 25, 1886, and as being 
2/3 of ti,e equilihriulll height in J';ncyc. Brit .. Art;. Tides, 1888. That be is .still 
c.ouficlent of tbeir existenco is clear from the extraot from his letter given in the 
text. 
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The average rigidity of the rocks exposed at the surface of 
the earth is certainly much less than that which a continuous 
mass of glass or hrass would exllihit and there is thus a distinct 
difficulty in acconnting for so high a rigidity as the earth 
evinces, even on the theory that the globe is solid. On this 
point, however, certain experilllental resnlts of Dr. William 
Hallock are very instructive. He sub.iected wax and paraffin 
to a pressure of 9tl,OOO pounds pet· square inch in a hOl'izontal 
steel -cylinder: and 011 the top of tlle8e su hstances he placed 
Slllall silve!' coins. The coins were forced against the tube 
,vith such violence as to leave in the steel impressions which 
could be felt as well as see11:* Thus substances which at one 
atmosphere show trifling rigidity, may develop a rigidity com­
parable with that of steel at pressures such as are to be found 
at about 16 miles below the snrface of the earth. 

On the other hand it is at first surprising to learn that a 
globe of the size of the earth and as rigid as the hest drawn 
brass, would yield to the attraction of a distant body half as 
freely as if it were fluid. But it is a matter of com1110n ob­
servation that bodies of large dimensions are not so strong as 
small ones in proportion to tLeir size. Thus a bar of steel of 
the size of a needle held horizontally by one end does not bend 
even sensibly and the strain is far within the elastic limit; 
while a bar of the same I'elative dimensions, but 1000 feet 
long, evidently could not be supported in a similar mallner. 
In fact, when two bodies are geometrically similar, the strength 
va!'ies as the squares of the conesponding dimensions, while 
the mass varies as the cubes of these dimensions. When we 
come to deal with a mass like the earth, containing about 
11 X 10'0 cuhic metres each weighing 5,500 kilograms, it there­
fore is not strange after all that it presents but a fee hie resist· 
ance to external forces. 

The opposition which sOllie geologists have made to tbe 
theory of the solidity of the earth is of course based upon the 
hypothesis that geological phcnOlueWt cannot be accounted for 
on the theory of solidity. So far as the contortion of strata 
is concerned, tbe!'e is no cOilflict hetween geology and physics. 
Time enters into the expl'ession of viscosity; and the fact 
that the ea!'th behaves as a l'igiu mass to a force which changes 
its di!'ection by ;-W()O in 24 hours is not inconsistent "'ith great 
plasticity under the action of small forces which maintain 
their direction for ages. Fo!' a considerable number of years 
I have constantly had the theory of the eal·tlt's solidity in 
mind while making ;field observations Oil upheaval and sub­
sidence, with the result that to my thinking, the pheuomena 

* This Journal, vol. xxxiv, 1887, p. 277. 
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are capable of much lllOl'e satisfactory explanation on a solid 
globe than Oll an encrllsted fluid Olle 

The only considerable novelty ill the foregoing paper is t.he 
proof t.hat·a simple stl'ai n spheroid aitords an approximation to 
t.he defol'lllation of an elastic glohe sllfilciently close to ~el've 
as a basis for Sir vVillialll Tlwillson's demollst.ration of the 
rigidity of the e:n-t.lt; bn t :tn ellllea VOl' has also been made to 
present the whole snb.iect ill a clear and elelllentary manner. 

u, S. Gool. Survey, Washington, Feb, 1800, 




