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ABSTRACT. The volume change of solid phases associated with dissolution and
precipitation reactions during mineral replacement is a critical factor for the advance-
ment of the reaction boundary. Contributing parameters to the overall volume change
of a replacement reaction are the molar volume of parent and product and their
solubility ratio within a given solution. Based on simple model salt systems, the
contribution of solubility to volume change is quantitatively determined. For NaCl-KCl
as an example of a binary salt system without solid solution, the relative volume
changes can be calculated for various reaction paths using the slope of the solubility
from a simple solubility diagram. For KBr-KCl as an example of a binary salt system
with complete solid solution, the determination of the solubility curve is based on a
modified Lippmann phase diagram called a solubility phase diagram. It allows a
quantitative calculation of the relative volume change based on the solid solution-
aqueous solution (SS-AS) relationships for variable solution compositions and reaction
paths in the salt-water system. Reaction kinetics, textures and the compositional
evolution of replacements in both salt systems can be conclusively explained by the
relative volume change on the basis of experimentally constrained reaction paths. The
analogy from simple model system to replacement reactions at the Earth’s surface and
crustal conditions (for example in apatites or feldspars) may offer insights to success-
fully describe volume changes and porosity generation in mineral reactions on the
basis of solubility data towards a more quantitative modeling of interface-coupled
dissolution-precipitation reactions.

Key words: SS-AS systems, Volume change, Solubility, Replacement, Dissolution-
precipitation, Pseudomorphism

glossary of symbols

a activity
a0, a1, a2 dimensionless coefficients to calculate solid-phase activity coefficients
f activity coefficient of components in solid solution
m molality
mi

0 molality in pure AB or AC solution
n amount of substance
ntot amount of substance of the total system (solid and aqueous solution)
q stoichiometric coefficient defined by the absolute value of the slope of the

solubility curve
sAB, sAC solubility of AB and AC, respectively
seq solubility in mol/kg
x mole fraction
xtot mole fraction of the total system (solid and aqueous solution)
xAB

repl composition of replacement as mole fraction
KAB, KAC solubility product of AB and AC, respectively
Pn point n in the solubility and solubility phase diagram
VM molar volume
�i,aq activity fraction in aqueous solution
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�i aqueous activity coefficient
�i

0 aqueous activity coefficient in pure AB or AC solution
� reaction extent variable
�m difference in molality
�V r relative volume change
�� total solubility product variable
��eq total solubility product at equilibrium
� empirical exponent
[A�], [B	], [C	] activity of ions in aqueous solution

Subscripts

i 
 A�, B	, C	 ions in aqueous solution
AB, AC components in solid solution
d, p dissolved and precipitated, respectively

introduction

The replacement of one mineral by another is an important and striking phenom-
enon of mineral reactions in many geological environments and was already described
in the 19th century (Blum, 1843). Thereby, the new mineral, although chemically
and/or structurally different from the parent mineral, occupies the space and crystallo-
graphic characteristics of the former mineral. Often, such pseudomorphs are recog-
nized by preserving the euhedral shape of the former mineral. Although there are
various scenarios for replacement reactions, we focus here on the replacement of an
isostructural mineral by another, for example when they form a solid solution. Natural
and experimental examples of such replacements are manifold in many mineral
groups such as apatite (Yanagisawa and others, 1999; Rendón-Angeles and others,
2000a, 2000b, 2000c; Harlov and others, 2002, 2005; Harlov and Förster, 2003;
Seydoux-Guillaume and others, 2007), feldspars (O’Neil and Taylor, 1967; Walker and
others, 1995; Labotka and others, 2004; Putnis and others, 2007a; Engvik and others,
2009; Niedermeier and others, 2009; Parsons and Lee, 2009; Hövelmann and others,
2010), sulfides (Ramdohr, 1980; Tenailleau and others, 2006; Xia and others, 2009),
pyrochlore (Geisler and others, 2004, 2005a, 2005b), zircon (Tomaschek and others,
2003; Spandler and others, 2004; Geisler and others, 2007; Rubatto and others, 2008;
Kusiak and others, 2009; Soman and others, 2010) and garnet (Pollok and others,
2008). They are commonly characterized by a sharp replacement front and have been
described in terms of an interface-coupled dissolution-reprecipitation mechanism
(Putnis and Putnis, 2007; Putnis, 2009). Furthermore, a similar mechanism has been
reported as a mechanism for glass corrosion (Geisler and others, 2010).

The preservation of the outer shape and, therefore, external volume of the
replaced crystal is a prerequisite to create a pseudomorph. The textural inheritance
implies that the rates of dissolution and precipitation are somehow coupled at the
reaction interface (see discussion in Putnis, 2009).

Ferry (2000) considered the molar volume change of the replacement reaction
and the force of crystallization, which is the force exerted by stresses resulting from
crystal growth. He concluded that a negative molar volume change as often observed in
retrograde mineral reactions is a relevant factor in stabilizing the replacing mineral. In
general, volume changes associated with mineral reactions are of great importance in
terms of the kinetics of re-equilibration. A volume decrease has the ability to produce a
“reaction enhanced” permeability (Rumble and Spear, 1983; Cartwright, 1997; Jamt-
veit and others, 2000), allowing replacement reactions to create pathways for fluid
through minerals (Putnis and John, 2010) and, therefore, might trigger and catalyze
metamorphic reactions. In fact, microporosity has been recognized in many cases [for
example the replacement of leucite by analcime (Putnis and others, 1994, 2007b);
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cryptoperthite to coarse patch perthite (Walker and others, 1995; Parsons and Lee,
2009); chloro-, hydoxy-, fluoroapatite system (Yanagisawa and others, 1999; Rendón-
Angeles and others, 2000a, 2000b, 2000c)], but porosity development cannot be
explained simply by changes in molar volume of the reactants.

The solubility of the solid phases is generally affected by a number of variables, for
example, fluid composition, temperature, pressure, pH, grain size, and for solid
solutions by composition. The initial conditions for replacement reactions and the
fluid compositions in natural systems are usually unknown. Therefore, the NaCl-KCl-
H2O and the KBr-KCl-H2O systems have been chosen as model systems because of their
relative simplicity (structurally and experimentally) and the availability of thermody-
namic data. Experiments on replacement reactions in the KBr-KCl-H2O system show
both negative and positive volume changes with significantly different replacement
textures (Putnis and Mezger, 2004; Putnis and others, 2005). Similar replacement
textures have been reported for various soluble salt solid solutions (Glikin, 2008).
Since the compositional changes during the replacement strongly depend on the
solution composition, solid solution-aqueous solution (SS-AS) reaction paths have to
be considered for a quantitative determination of the associated volume changes.

In this paper, the use of solubility diagrams is illustrated for the case of salt-water
systems without solid solution (NaCl-KCl) and relevant terms regarding the volume
changes will be introduced. The conceptual model for the dissolution-precipitation
reaction in this system has been outlined by Putnis (2002) but will be presented here
quantitatively in relation to solubility at equilibrium. The description is then extended
to systems with complete binary solid solution (KBr-KCl). In this latter case, equilib-
rium states in SS-AS systems are represented in a modification of Lippmann phase
diagrams (Lippmann, 1980), the solubility phase diagram, which consistently links the
solubility diagram with the thermodynamic SS-AS description. General equations for
reaction paths and the associated volume changes will be related.

replacement and volume change in the nacl-kcl-h2o system

Here we present a generalized reaction formula for systems without substitutional
miscibility, which allows the volume changes of solid phases to be quantified.

Solubility and Equilibrium
Solubility diagrams are frequently used to visualize experimental solubility data in

salt-water systems at a fixed temperature (for example Silcock, 1979). In figure 1 the
change of the solubility for one component (KCl) depending on the amount of the
second component (NaCl) due to the common ion effect is shown. For systems with
almost no solid solution such as NaCl-KCl under ambient conditions, each point on the
solubility curve represents the composition of a saturated solution with respect to one
solid, either NaCl or KCl. At the isothermal invariant point E (eutonic point) the
solution is saturated with respect to both solid phases. The intersections with the X and
Y axis are the solubilities of pure NaCl and pure KCl in water at 25 °C, respectively.
Points below the curve represent undersaturated solutions, points above it are super-
saturated with respect to a solid phase.

Reaction Paths and Volume Changes
A dissolution-precipitation reaction path of an initial NaCl crystal in an undersatu-

rated mixed solution (P0) is illustrated in figure 1. The dissolution of NaCl (P0 to P1)
leads to an intersection with the solubility curve (P1) where the solution is saturated
with respect to KCl. The initial NaCl crystal is still not in equilibrium with the solution
but further dissolution of NaCl must now be accompanied by the precipitation of KCl,
which is the thermodynamically stable solid. The dissolution-precipitation reaction
(KCl precipitates, NaCl dissolves) changes the composition of the solution, which
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therefore approaches the eutonic point E. At this point, NaCl will not dissolve further
because the saturated solution is in thermodynamic equilibrium with respect to both
NaCl and KCl. The reaction can be expressed in terms of mass-balance as:

NaCl � qK� 3 qKCl � �1 � q�Cl	 � Na� (1)

where the coefficient q � ��mK,aq

�mNa,aq
� accounts for the change in solubility as a function of

solution composition, which is equivalent to the value of the slope of the solubility curve. In
the case of the NaCl-KCl-H2O system the solubility curve can be described linearly. Thus,
the linear slope also represents the ratio of precipitated (np) to dissolved (nd) material and

is constant throughout the reaction �q � ��mK,aq

�mNa,aq
� �

np

nd
�. There is a virtual one-step

dissolution/precipitation path from P1 via P2 to P3 or P1 via P2
 to E. Note that the real
reaction path may never reach point P2 if a certain (lower) supersaturation leads to
nucleation and precipitation of a solid phase but the mass balance will not be affected.
Using the linearly regressed solubility data for the NaCl-KCl-H2O system from Silcock
(1979) the reaction can be written as

1 NaCl � 0.485 K� 3 0.485 KCl � 0.515 Cl	 � 1 Na�. (2)

The stoichiometric coefficients for the solute species are given in mol/kg H2O in a
saturated solution. Note that the ratio of dissolved NaCl to precipitated KCl is given by
the absolute value of the slope, which is determined by the solubility curve alone.

To calculate a volume change from this reaction the molar volumes of the solid
phases have to be taken into account. The relative volume change �V r is given by:

Fig. 1. The solubility diagram for NaCl-KCl at 25 °C. The experimental solubility data (diamonds) from
Silcock (1979) has been regressed linearly (from mNaCl 
 0 to E: y 
 4.67	0.485x; from mNaCl 
 E to mmax:
y 
 13.093	2.141x). A dissolution-precipitation path for NaCl dissolution and KCl precipitation is shown.
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�Vr �%� �
npVM,p � ndVM,d

ndVM,d
� 100 �

npVM,p

ndVM,d
� 100 � 100 � q �

VM,p

VM,d
� 100 � 100. (3)

The �V r for the replacement of NaCl by KCl calculated from solubility data is 	33
percent (table 1). This volume change is independent of the reaction path chosen
assuming that equilibrium between solid and solution is reached at the end of the
reaction [two solids (for example KCl and NaCl) at the eutonic point]. Note that �V r is
significantly negative although the molar volume of KCl is higher than that of NaCl.
The reason for this is due to the higher solubility of NaCl over KCl (at 25 °C), which
results in a higher amount of NaCl dissolving than KCl precipitating.

The opposing reaction of KCl to NaCl leads to a �V r of 	66 percent. Both the
molar volume and the difference in solubility contribute to the decrease of the relative
volume. From the solubility data the reaction can be expressed as:

Table 1

Volume changes calculated for the NaCl-KCl-H2O and KBr-KCl-H2O system using equations
(3) and (18), respectively

Dissolved 
phase 

Molar 
volume 

[cm3/mol] 

Starting solution 
saturated with 

respect to 

Precipitated 
phase 

Molar 
volume 

[cm3/mol]

Final solution 
composition 

Volume 
change 
∆Vr [%] 

NaCl 27.06 KCl KCl 37.46 xNa, aq ≤ 0.70 -32.9 

KCl 37.46 NaCl NaCl 27.06 xNa, aq ≤ 0.70 -66.3 

KBr 43.27 KCl KBr0.9Cl0.1 42.69 xBr, aq = 0.823 -4.3 

KBr 43.27 KCl KBr0.9Cl0.1 42.69 xBr, aq = 0.823
+0.8 
local 

KBr 43.27 KCl KBr0.5Cl0.5 40.36 xBr, aq = 0.594 -27.1 

KBr 43.27 KCl KBr0.5Cl0.5 40.36 xBr, aq = 0.594
-14.3 
local 

KBr 43.27 KCl KBr0.1Cl0.9 38.04 xBr, aq = 0.350 -43.1 

KBr 43.27 KCl KBr0.1Cl0.9 38.04 xBr, aq = 0.350
-44.2 
local 

KCl 37.46 KBr KBr0.9Cl0.1 42.69 xBr, aq = 0.823 -10.35 

KCl 37.46 KBr KBr0.9Cl0.1 42.69 xBr, aq = 0.823
-7.9 
local 

KCl 37.46 KBr KBr0.5Cl0.5 40.36 xBr, aq = 0.594 -1.3 

KCl 37.46 KBr KBr0.5Cl0.5 40.36 xBr, aq = 0.594
+16.3 
local 

KCl 37.46 KBr KBr0.1Cl0.9 38.04 xBr, aq = 0.350 +2.1 

KCl 37.46 KBr KBr0.1Cl0.9 38.04 xBr, aq = 0.350
+2.7 
local 

Molar volumes are derived from the molar mass and calculated density of the salts.
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1 KCl � 0.467 Na� 3 0.467 NaCl � 0.533 Cl	 � 1 K�. (4)

Note that the reciprocal value of the slope must be taken from the solubility diagram
with the concentrations of NaCl on the x axis and KCl on the y axis, respectively.

The temperature dependence of salt solubility can be quite variable. Farelo and
others (1993) presented solubility diagrams at 25, 50 and 90 °C for NaCl and KCl in
water as well as for the ternary system. NaCl shows only slight increase in solubility by 7
percent from 25 to 90 °C while an increase in solubility of 50 percent is found for KCl
over the same temperature range. What are the consequences for the volume change
of a replacement reaction in the ternary system? Essentially, the shape of the solubility
diagram does not change significantly with temperature, only the position of the
eutonic point is shifted. Consequently, the slopes of the solubility curves do not change
and therefore, the volume change during a dissolution-precipitation reaction will be
not affected. This result may be surprising at first glance, but it nicely illustrates that it
is not the absolute solubility of the end-members that is important, but the changes of
solubility for various solution compositions.

Comparison with Experimental Observations
Although this paper mainly deals with the effect of solubility on volume changes

from a thermodynamic point of view, simple replacement experiments were con-
ducted to ensure that the main results of the calculations are reasonable. A full
description of the experimental procedure can be found in Putnis and Mezger (2004).
In general, replacement reactions were initiated by placing a drop (a few �L) of
solution saturated with respect to one end-member on a freshly cleaved �100� surface of
the other end-member (for example placing a drop of a saturated KCl solution onto a
NaCl crystal). After several minutes the solution on the crystal surface was soaked up
quickly (to avoid precipitation on the surface) with a filter paper. All experiments were
carried out at room temperature. The replaced surfaces were imaged by scanning
electron microscopy (JEOL 8600 MXA).

NaCl substrate in KCl solution.—The replacement of NaCl in a KCl-saturated
solution produces a crystallographically oriented rim of KCl which has a significant
porosity. A secondary electron image of the replaced surface is given in figure 2A. The
pores are terminated by straight crystal faces that resemble the crystallographic
orientation of the original NaCl crystal. Such topotactic replacement reaction have
been described for a number of systems (Yanagisawa and others, 1999; Putnis and

Fig. 2. SEM image of (A) a replaced surface of a NaCl crystal in KCl solution and (B) secondary NaCl
crystals on a KCl surface partly dissolved in NaCl solution.
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Mezger, 2004; Geisler and others, 2005b). The observation of porosity is in line with
the calculated negative volume change.

KCl substrate in NaCl solution.—In the reverse experiment crystals of NaCl precipi-
tate from a saturated NaCl solution in contact with a KCl crystal. The precipitation is
initiated by the dissolution of KCl up to the required supersaturation. The newly
formed crystals grow onto the surface of KCl and share no distinct crystallographic
orientation with the substrate nor do they form a uniform layer (fig. 2B). Such an
observation can also be understood in terms of the �V r calculation. The relative
volume change for this reaction is large and negative because both the molar volume
and the solubility act in the same direction. As a consequence the relative volume
decrease is too high to form a continuous layer of NaCl.

The different textures of the precipitated crystals (porous replacement layer
versus individual crystals on the dissolving surface) may be qualitatively understood
using percolation theory and energetic arguments. A negative �V r (as porosity) affects
the continuous 2D growth of the precipitate at the reacting surface. If we assume
interpenetrating, but aligned square-like (2D) and cube-like (3D) pores as visible in
figure 2A, the percolation threshold pc is given as 66.7 percent and 27.7 percent,
respectively (Baker and others, 2002). The percolation threshold describes the critical
volume of pores at which an interconnected (2D/3D) layer of precipitate can no
longer form. For the replacement of NaCl by KCl, a pore volume of 33 percent was
calculated. This value is well below the 2D percolation threshold and allows the
formation of a continuous, but porous KCl (mono-)layer on the NaCl substrate.
However, the pore volume is higher than the 3D percolation threshold for cube-like
pores, which means that the formation of a continuous replacement might not be
possible. In fact, the replaced surface shows stacked layers of replacement, which may
represent 2D nucleation at various sites rather than a continuous 3D replacement. An
accurate determination of the porosity in the experiment is difficult and is further-
more complicated by the fact that the pore size may coarsen and partly or fully anneal
out on the way to attaining textural equilibrium which follows the chemical equilibra-
tion (Putnis and others, 2005). For the reaction of saturated NaCl solution with the KCl
substrate the calculated pore volume of 66 percent is already close to the 2D
percolation threshold. Consequently, the NaCl precipitate forms single crystals rather
than a highly porous replacement layer that would be energetically unfavorable due to
the contribution of surface energy. These examples illustrate that the relative volume
changes mark boundary conditions at which replacement reactions and pseudomor-
phism can take place, but further research is needed to validate these ideas.

replacement and volume change in the kbr-kcl-h2o system

Solubility and Equilibrium
KBr and KCl form a complete solid solution. In such systems every point on the

solubility curve (fig. 3A), that is, any composition of a saturated solution, is in
equilibrium with a certain solid solution composition. Thus, the dissolution-
precipitation paths cannot be simply deduced from the solubility diagram alone,
because there is no information about the solid phase and its composition in such a
diagram. A Lippmann phase diagram can be used to visualize SS-AS equilibrium states
(Lippmann, 1977, 1980; Glynn and Reardon, 1990; Putnis and others, 1995; Glynn,
2000; Prieto, 2009) and the thermodynamic framework is given below.

Lippmann phase diagram.—Thermodynamic equilibrium in a SS-AS system with
binary solid solution is defined by:

�A���B	� � KABaAB � KABxABfAB and �A���C	� � KACaAC � KACxACfAC. (5)
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Fig. 3. (A) Solubility diagram of the KBr-KCl-H2O system at 25 °C based on the data of Durham and others
(1953). Black circles represent aqueous compositions in equilibrium with mixed solids from their experimental
runs. The black curve is equivalent to the solutus curve of the solubility phase diagram and is constructed by
equations (A15) and (A16). Two reaction paths are indicated in gray. Full diamonds show the dissolution of KBr
in a mixed solution, open diamonds mark points for the dissolution of KCl in a mixed solution. Both reaction
paths involve the precipitation of a mixed solid with a composition which is in equilibrium with P3. Details of the
paths are described in the text. (B) Lippmann diagram for the KBr-KCl-H2O SS-AS system based on the data of
Durham and others (1953). Pairs of black circles and squares represent aqueous and solid compositions in
equilibrium. Solid lines are the solidus and solutus curve computed with solid-phase non-ideality parameters of
a0 
 1.40 and a1 
 	0.08. The dotted curve (nearly indistinguishable from the solutus curve) represents the
solutus curve of the solubility phase diagram (fig. 4) converted to the Lippmann diagram using PHRQPITZ.
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In SS-AS systems equilibrium is represented by two curves: the “solidus” and the
“solutus” express the “total solubility product” variable, ��, as a function of solid
composition and aqueous activity, respectively. The “total solubility product” variable
was introduced by Lippmann (1977, 1980, 1982) as

�� � �A����B	� � �C	��. (6)

At equilibrium the total solubility product as functions of the solid composition and
the aqueous activity, respectively, is:

��eq � KABxABfAB � KACxACfAC �solidus� (7)

and

��eq �
1

� �B,aq

KABfAB
�

�C,aq

KACfAC
� �solutus�. (8)

The aqueous activity fractions are given by:

�B,aq �
�B � �

��B � � � �C � ��
and �C,aq �

�C � �

��B � � � �C � ��
(9)

Regular and sub-regular solid solution behavior can be considered by introducing
solid-phase activity coefficients fAB and fAC with the form of an expansion series
(Guggenheim, 1937; Redlich and Kister, 1948):

ln fAB � xAC
2 �a0 � a1�3xAB � xAC� � a2�xAB � xAC��5xAB � xAC� � · · ·� (10)

and

ln fAC � xAB
2 �a0 � a1�3xAC � xAB� � a2�xAC � xAB��5xAC � xAB� � · · ·�, (11)

where ai are dimensionless coefficients. Regular solid solutions can be described by a0
alone whereas both a0 and a1 are needed to describe a subregular solid solution
(Glynn, 2000).

��eq is the value of the �� variable which defines equilibrium for a given
solid-solution composition. In the Lippmann phase diagram (fig. 3B, for KBr-KCl) the
�� variable is represented on the ordinate whereas on the abscissa both the mole
fraction of the solid and the aqueous activity fraction are given on a double scale. The
solutus curve represents saturated solutions that are in equilibrium with a correspond-
ing solid composition on the solidus curve. Horizontal tie-lines connect aqueous
solution and solid solution compositions at equilibrium.

Experimental solubility data with a coexisting solid solution-aqueous solution for
the KBr-KCl-H2O system have been published by Durham and others (1953). The
Lippmann phase diagram was calculated using equations (7) and (8) with the
endmember solubility products of 13.46 (101.129) for KBr and 8.02 (100.904) for KCl.
The solid-phase non-ideality parameters (a0 
 1.40, a1 
 	0.08) have been fitted by
Glynn and others (1990) to the data of Durham and others (1953) using the
PHRQPITZ aqueous speciation model (Plummer and others, 1988) to calculate the
aqueous activities of K�, Br	, and Cl	. Both the solubility curve of the solubility
diagram and the solutus curve of the Lippmann diagram (figs. 3A and 3B, respectively)
represent saturated solutions. Thus, every point on the solutus curve corresponds to a
unique point on the solubility curve. Therefore, the fitting of the solutus curve also
determines the solubility curve and vice versa. Unfortunately, no analytical expression
of the solubility curve can be directly obtained from the solutus curve for the following
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reasons. Firstly, activities of the species in solution can only be determined with the
assumption of [A�] 
 [B	]�[C	] which may be true for some solutions but not
generally. Secondly, from known activities of the species in solution one cannot simply
calculate the concentrations of the elements because the ionic strength of the solution
is not known a priori. An inverse numerical procedure may overcome this problem
(Kulik, 2006), however, it does not provide a self-consistent formulation for both
diagrams.

Solubility phase diagram.—In the following section, a modification of the Lippmann
model is presented which uses experimental solubility data and does not require the
calculation of aqueous activity. It provides internally consistent expressions for the
solubility and the solutus curve at the cost of introducing an additional empirical
parameter that has to be fitted for every AB-AC-H2O system.

The molality of A�, mA�, in solution is equal to the total solubility when the
condition mA� 
 mB	 � mC	 is fulfilled. Such a condition can be easily reached
experimentally by the dissolution of AB and AC solids to reach saturated solutions.
With this assumption, an analogue to the solidus in the Lippmann model can be
formulated (derivation and validation see Appendix A1):

seq � mA�,eq � ��sAB
� xABfAB � sAC

� xACfAC. (12)

Equally there is an analogous expression of the solutus:

seq � �� 1

� xB,aq

sAB
� fAB

�
xC,aq

sAC
� fAC

�. (13)

It is important to note that the empirical parameter � does not represent any specific
speciation or solution model. It can only be applied to solutions where the activities of
the relevant species change gradually and continuously with increasing concentration
as in most simple salt systems. Although it is thus more limited than a Lippmann
diagram it can provide valuable insights into the complexity of coupled dissolution-
precipitation reactions involving solid solutions.

Azimov and Shtukenberg (2000) report exponents of � in the range of 1.5 to 2.5
for various systems of highly soluble salts. Note that these authors have used a different
expansion series to describe the activities for non-ideal (subregular) solid solutions. To
make the results of the Lippmann model and the solubility phase diagram as
comparable as possible, the expressions shown in equations (10) and (11) as reported
by Glynn and others (1990) are used. Using different forms for the solid-phase activity
coefficient naturally affects the value of the exponent �.

In order to construct the solubility phase diagram the best fit to the experimental
data was achieved with an exponent of � 
 2.35 and non-ideality parameters of a0 

1.36 and a1 
 	0.10 using endmember solubilities of 5.74 mol/kg H2O for KBr (sKBr)
and 4.82 mol/kg H2O for KCl (sKCl). The non-ideality parameters obtained are very
close to those of the Lippmann model and should, in fact, give identical values since
both models differ only in the treatment of the aqueous speciation. Therefore, the
non-ideality parameters of the Lippmann model (a0 
 1.40; a1 
 	0.08) fitted by
Glynn and others (1990) were used and held constant during fitting, which results in
� 
 2.42 with no significant decrease in goodness of fit. Note, that the constructed
solubility phase diagram (fig. 4) has a similar topology to the Lippmann diagram (fig.
3B) but significantly different axes as it uses solubility and mole fractions. Converting
the solubility curve back into the Lippmann phase diagram (using PHRQPITZ) gives
an excellent match to the Lippmann solutus curve and confirms the applicability of the
solubility phase diagram to such simple non-ideal SS-AS systems.
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Reaction Path and Volume Changes
The dissolution-precipitation path within the KBr-KCl-H2O system is more diffi-

cult to describe than for a system with no solid solution because the composition of the
solid that precipitates is a function of solution composition that will be altered during
dissolution. On the basis of the reaction path in the NaCl-KCl-H2O system a dissolution-
precipitation path can be formulated in the solubility diagram (fig. 3A) as well as the
solubility phase diagram (fig. 4) of the KBr-KCl-H2O system. Starting with an undersatu-
rated mixed solution at P0 in contact with a pure KBr crystal (dashed line in fig. 3A and
fig. 4, an analogous path is indicated by a dotted line with KCl as starting crystal) the
solution will eventually reach saturation by the dissolution of KBr at P1. This point is
termed a “primary saturation state” (for example, Glynn and others, 1990), which by
definition lies on the solubility and solutus curve. The tie-line from P1 on the solutus
gives the composition of the solid in equilibrium with this solution composition, which
may define the composition of the first precipitating solid. However, since the initial
solid (here KBr) is still not in equilibrium it will dissolve further. The ongoing
dissolution of KBr coupled with the precipitation of a mixed crystal shifts the aqueous
solution on the solutus towards a more KBr-rich solution (left arrow in fig. 4).
Accordingly, the composition of the precipitating solid must change continuously.
Therefore, the composition of the solution and the solid will shift towards the dissolved
component, here to higher xBr,aq and xKBr

repl values, respectively. The end-point of this
coupled dissolution-precipitation process, at which the initial crystal is completely
dissolved and equilibrium between solution and precipitated solid has been reached,

Fig. 4. Solubility phase diagram of the KBr-KCl-H2O system. Experimental data is given as squares and
circles and solid lines represent the solidus and solutus as in the Lippmann diagram (fig. 3B). The reaction
paths are the same as in figure 3A. P1 represents the starting point and P3 the endpoint of the replacement
reaction. P2 is not shown because it is only used for the mass balance calculation but can not be reached in a
real solution.
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can be determined by the lever-rule applied to the solubility phase diagram. It depends
on the amount of substances in both solid and solution. A deduction of the lever-rule is
given in Appendix A2.

Assuming an end-point at P3 a mass balance of the reaction can be determined.
The various dissolution-precipitation steps in which the solution closely follows the
solubility/solutus curve can be summed up to give an effective path. This path only
considers the dissolution of KBr and the precipitation of a solid which is in equilibrium
with the solution at P3. From the composition of the dissolving and precipitating
component the (virtual) point P2 can be derived and a mass balance equation can be
written in accordance with equation (1):

AB �
q�1 � xAB

repl�

1 � �q � 1�xAB
repl C	 3

q
1 � �q � 1�xAB

repl ABxAB
replC1	xAB

repl � �1 �
q

1 � �q � 1�xAB
repl�A�

�
1 � xAB

repl

1 � �q � 1�xAB
repl B	. (14)

The derivation of this equation is based on the graphical representation of a general
dissolution-precipitation pathway as shown in figure 3A and can be found in Appendix
A3. Although not obvious at first glance, this formula is equivalent to the dissolution
reaction given by Königsberger and Gamsjäger (1987, 1992) in their unified theory of
solid solution solubility:

nABx0C1	x0 3 �n � ��ABxC1 � x � �nx0 � �n � ��x�B � � �n�1 � x0� � �n � ���1 � x��C �

� �A � (15)

where n is the initial amount of the solid ABx0C1	x0. Equation (14) is formulated for n
and x0 equal to 1 and explicitly expresses the reaction extent variable as a function of q
(which is a measure of the difference in solubility of the parent and product solid) and
the composition of the replacement, xAB

repl. The reaction extent variable is given by:

� � 1 �
q

1 � �q � 1�xAB
repl . (16)

In analogy to the system with no solid solution, the �V r can be calculated using
equation 3, but the ratio of precipitated to dissolved amount of substance now depends

on the slope of the solubility curve q � ��mC,aq

�mB,aq
� between P1 and P3 as well as the

composition of the replacement xAB
repl as given by the mass balance (eq 14):

np

nd
�

q
1 � �q � 1�xAB

repl . (17)

Equation (3) can now be rewritten with equations (16) and (17) for a system with a
solid solution as

�Vr�%� �
npVM,p

ndVM,d
� 100 � 100 �

q
1 � �q � 1�xAB

repl �
VM,p

VM,d
� 100 � 100 � �1 � ��

VM,p

VM,d
� 100

� 100. (18)

Effectively, the �V r calculation can be performed for different starting solutions and
for any point on the solutus or solubility curve between P1 and P3 assuming a
homogeneous replacement in equilibrium with the solution. Selected reaction paths
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with their relative volume changes for a KBr crystal in a saturated KCl solution and KCl
crystal in a saturated KBr solution have been summarized in table 1. Results for KBr
and KCl crystals in mixed saturated solutions are given in figure 5 and will be described
under “Volume change for Berthelot-Nernst precipitation” in more detail. Further-
more, both table 1 and figure 5 also contain information about a local volume change
occurring at the reacting interface, which will be discussed under “Volume change for
Doerner-Hoskins precipitation”.

The underlying hypothesis for all reaction paths is that the composition of the
precipitating solid is in equilibrium with the solution from which it is precipitating.
Obviously, this is an oversimplification since supersaturation is needed as a driving
force for crystallisation. As discussed by Astilleros and others (2003), a solid precipitat-
ing from a supersaturated solution (above the solutus) may not have the same
composition as a solid forming in equilibrium with the solution (at the solutus).
Furthermore, kinetic effects may arise during crystal growth, such as misfit strain at
incoherent boundaries (Shtukenberg and others, 2006). However, a real reaction path
must follow the solubility/solutus quite closely since there is a limit for overstepping
the solubility (0.25 mol/l for KBr, 0.39 mol/l for KCl [Tovbin and Krasnova, 1951])
and, consequently, point P2 in figure 3A, will never be reached in a real solution but
only describes the effective path in terms of mass balance. Thus, it is not displayed in
figure 4. Since our analysis only focuses on the general effect of the �V r of the solid
phase associated with difference in solubility for coupled dissolution-precipitation
processes and its relevance for the textural evolution, such kinetic effects have been
neglected at this stage.

Four different scenarios can be defined for dissolution-precipitation reactions in
SS-AS system, which are limiting cases (table 2, fig. 6) as discussed by Glynn and others
(1990):

1. In the first case the amount of solid is much greater than the amount of fluid.
In this “solid controlled” scenario, the composition of a drop of solution, in the
presence of a large volume of solid will change drastically while the solid will not
noticeably change composition. Therefore, the position of the solid on the solidus
defines the solution composition on the solutus by its tie-line. In terms of volume
change of the solid phase this scenario is trivial since no significant change in solid
composition also implies that there is no significant volume change.

2. Conversely, in the second scenario a small solid fragment in a large volume of
solution will significantly change its composition while the solution composition will
stay almost the same. In this “solution controlled” scenario the position of the solution
on the solutus curve is fixed and defines the tie-line-connected replacement composi-
tion on the solidus curve. �V r depends on the solubility and the molar volume of the
involved solids and can be both positive or negative. Both scenarios describe closed
system behavior where no transport of mass out of the system is allowed.

3. In a third scenario, an equilibrium end-point is also reached if the initial crystal
has been reacted in part or completely and the compositionally homogeneous replace-
ment is in equilibrium with the solution (upper reaction path in fig. 6), a situation
which is analogous to Berthelot-Nernst precipitation (Berthelot, 1872; Nernst, 1891).
The composition of this solid solution-aqueous solution pair depends on the initial
solution to solid ratio and the initial compositions of solution and solid. It can be
calculated by using the lever rule (Appendix A2) in connection with the solubility
phase diagram. Most mineral solid solutions with moderate to high solubility will reach
such an end-point over time. However, even for the KBr-KCl system, complete
equilibration between a 2�2�1 mm solid KBr cube and solution needs about 2
hours(Putnis and others, 2005). Their experimental conditions are ideal to test the
lever rule applied to a solubility phase diagram. Putnis and others (2005) used 17 mg
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Fig. 5. Relative volume changes for KBr (A) and KCl (B) replaced in various solution compositions. The
arrow indicates the evolution of the replacement and solution composition during reaction. The lower x-axis
shows the composition of the replacement and the upper x-axis the corresponding solution composition in
equilibrium. The initial solution composition xBr,aq is labelled on each curve. The volume change calculation
for these curves assumes that the replacement is homogeneous in composition (Berthelot-Nernst precipita-
tion, upper line in fig. 6). In contrast, the local volume change curve describes an envelope from which all
reaction path dependent volume changes emerge (Doerner-Hoskins precipitation, lower line in fig. 6).
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KBr in a KCl saturated 250 �L solution, which is equivalent to 0.143 mmol KBr and
1.042 mmol KCl (using a solubility of 4.82 mol/kg H2O and a density of 1.176 g/cm3

for the saturated solution [Dejewska, 1993]). The calculated solid composition of the
replaced crystal, xKBr

repl , is 0.020, which is in excellent agreement with the measured value
at the end of the experiment indicating that equilibrium had been reached.

4. A fourth scenario is equivalent to Doerner-Hoskins precipitation (Doerner and
Hoskins, 1925). In this process, incremental layers of replacement are successively
formed in local equilibrium with the solution at the reacting front, but the already
replaced parts do not re-equilibrate with the evolving composition of the solution. In
that case the replaced part is not homogeneous and only the last replaced part is in
equilibrium with the bulk fluid. This scenario is important, because it may allow a
qualitative estimate of the kinetics of an interface-coupled dissolution-precipitation
reaction. Negative relative volume changes and the subsequent formation of porosity
are a prerequisite for a relatively fast progression of a replacement front, because a
solid of initial composition in disequilibrium with a solution will stay in contact with the
solution through an interconnected porosity, formed at the reaction interface. How-
ever, positive volume changes prevent the formation of any porosity and can lead to a
passivation of the initial crystal, which could stop or at least slow down the replacement
process.

Volume change for Berthelot-Nernst precipitation.—The calculation of the �V r is
straightforward for this scenario because it assumes that the composition of the

Table 2

Various scenarios defining end-points for dissolution-precipitation reactions in SS-AS systems

Conditions Controls on end-
point 

Controls on 
volume change 

Geological 
conditions 

Solid  
controlled  

nsolution/nsolid → 0 repl
AB

init
AB xx ≈  

xaq @t0 ≠ xaq @t2

xaq will adjust 

according to   init
ABx

q → 0 
VM,p/VM,d → 1 
∆Vr small 

Closed 
system 

Solution 
controlled 

nsolution/nsolid → ∞ repl
AB

init
AB xx ≠   

xaq @t0 ≈ xaq @t2
repl
ABx  will adjust 

according to  init
ABx

−

−

∆

∆
=

B

C

m

m
q , 

VM,p/VM,d and ∆Vr 
variable 

Solution 
dominated 
closed 
system; 
„Open“ 
system 

Berthelot-
Nernst 
precipitation  

homogeneous 
replacement in 
equilibrium with 
solution 

Defined by ntot and  
xtot; 
Can be calculated 
from the lever rule 
(see Appendix A3) 

−

−

∆

∆
=

B

C

m

m
q , 

VM,p/VM,d and ∆Vr 
variable 

High 
solubility 
and/or 
reactivity, 
for example 
salt systems 

Doerner-
Hoskins 
precipitation 

incremental layer 
of replacement in 
equilibrium with 
solution at time 
and place of 
precipitation 

repl
AB

init
AB xx ≠   

xaq @t0 ≠ xaq @t1

Solution may not 
be homogeneous 

−

−

∂

∂
=

B

C

m

m
)t(q ,

VM,p/VM,d and ∆Vr 
variable 

Low 
solubility 
and/or 
reactivity, 
for example 
silicates 
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replacement is linked to the solution composition at equilibrium (tie-line to point P3 in
fig. 4) on the solutus curve. Together with P1, which is known from the starting

conditions, the slope q � ��mC	

�mB	
� can be calculated. The mass balance (eq 14) can be

used to calculate the amount of substance dissolved and precipitated and all calcula-
tions are based on 1 kg H2O solvent and �V r is deduced by equation (18). Thus, a
systematic evaluation of the �V r for different reaction paths can be easily performed by
selecting both a starting fluid composition xBr,aq and a resulting solid replacement
composition xKBr

repl . With equations (A15) and (A16) the coordinates of P1 and P3 can be
calculated using the solutus and solidus expression for seq, respectively. Together with
the slope q, the relative volume change �V r is determined. Results from such a
systematic approach are shown in figure 5. The figure shows �V r as a function of the
replacement composition xKBr

repl and, on an upper x-axis, on the solution composition
xBr,aq. Note that these scales are linked by the solidus and solutus expressions used for
the Lippmann and solubility phase diagram (figs. 3B and 4, respectively). The
calculation is based on the reaction of pure KBr (fig. 5A) and KCl (fig. 5B),
respectively, in starting solutions of different compositions marked on each curve. The
starting solutions are saturated, that is, they lie on the solutus and solubility curve, but
they are not in equilibrium with the dissolving endmember (KBr or KCl). The
composition of the replacement and the solution will evolve towards the dissolved
component, that is, for the dissolution of KBr in pure KCl solution as an example, the
solution as well as the replacement will become more Br-rich as the reaction proceeds.
This evolution is denoted with an arrow in figure 5A and is equivalently applied to the
reverse situation shown in figure 5B. For the calculation it is assumed that all of the
dissolved amount of substance will mix with the entire solution and a solid in
equilibrium with this solution will precipitate. Further dissolution then requires a
continuous adjustment of the replacement composition.

Volume change for Doerner-Hoskins precipitation.—To determine the volume changes
at the replacement front, the �V r of infinitesimal small reaction steps must be

Fig. 6. Schematic reaction paths for Berthelot-Nernst (top) and Doerner-Hoskins (bottom) precipita-
tion during mineral replacement (confer table 2).
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considered. This local volume change neglects all contributions of former dissolution-
precipitation steps, which are integrated in Berthelot-Nernst precipitation. For infini-
tesimal small dissolution-precipitation steps points P1 and P3 (figs. 3A and 4) coincide
and the local volume change depends directly on the slope of the solubility curve at
this point, which is calculated by differentiating the solubility curve. Since we are
considering a system that evolves continuously with time, this might be expressed as

�q�t� � ��mC	

�mB	
�� (compare with the lower path in fig. 6). Equations (14) and (3) are

used with all q(t) values (representing various solution compositions) determined
from the differentiated solubility curve. Figure 5 shows that the local volume change
represents a limiting case as all curves have to start from this local volume change
curve. It thus gives an envelope curve for volume changes calculated for Berthelot-
Nernst precipitation. The condition for Doerner-Hoskins precipitation may only be
valid for very short time and length scales and dedicated experiments close to the zero
volume change condition might be able to validate its relevance. Appropriate experi-
mental conditions can be located by the use of the lever rule (Appendix A2) as
described in the previous paragraph. It seems likely that Doerner-Hoskins precipita-
tion is of increasing importance for less soluble systems such as silicates and therefore
might be critical to understand fluid-mineral interaction and replacement under Earth
crustal conditions. Computer-aided models that take account of both the thermodynam-
ics and kinetics of reactions between complex rock-forming mineral solid solutions
may be needed in such cases.

Dissolution of a thin layer of solid in a thin layer of fluid.—Between the two cases for
precipitation discussed above and shown in figure 6 there is another scenario,
which has already been shown to be relevant for replacement reactions in salt
systems. As demonstrated by Putnis and others (2005), using real-time phase shift
interferometry, the limited transport through the solution is measurable and steep
compositional gradients develop at the reacting interface. Thus, for replacement
reactions, the assumption of constant composition within the fluid phase during
the precipitation is likely to be an oversimplification and neglects kinetic transport
effects that may alter the composition of the solid crystallizing from a supersatu-
rated solution.

As an example we assume a 10 nm thin layer of solid to be dissolved and mixed in a
solution layer of defined thickness. For the purposes of illustration, we assume a
surface area of 1 cm2 in the calculation. The dissolution of a 10 nm layer of KBr will
lead to a dissolved volume of KBr of 10	6 cm3, which is equivalent to 2.75 �g KBr or
23.1 nmol KBr. If this amount of solid dissolves into a solution layer 1 �m thick of
saturated KCl-solution (25 °C, 4.82 mol/kg H2O), this solution volume of 10	3 cm3 will
contain 118 �g KCl solution (31 �g or 416 nmol of KCl) and 23.1 nmol KBr. Assumed
that surface equilibrium is reached the resulting compositions would be xKBr

repl 
 0.009
for the solid and xBr,aq 
 0.054 for the solution. However, when a 10 nm layer is only
mixed with a 100 nm solution layer, the compositions become significantly more
Br-rich: xKBr

repl 
 0.148 and xBr,aq 
 0.42. The composition of the replacement and
solution layer can be calculated for various ratios of thickness of the solution layer to
thickness of dissolved layer as shown in figure 7. This mass balance calculation, based
on the application of the lever rule (Appendix A2), highlights the importance of the
transport and reaction kinetics for the composition of the replaced solid, as it can
reach nearly any value of solid composition. However, it must be emphasized that a low
dissolved solid to solution layer thickness ratio will lead to very high local supersatura-
tion which in turn favors kinetically controlled precipitation.
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Comparison with Experimental Observations
As presented in the previous paragraphs, the �V r caused by reactions in KBr-KCl-

H2O system is not constant, but depends on the reaction path, the fluid composition
and the solid to fluid ratio. Both, negative and positive volume changes can occur
under certain conditions and supposed reaction paths in this SS-AS system.

Here, we compare our theoretical analysis with available experimental data on
replacement in the KBr-KCl-H2O system (Putnis and Mezger, 2004; Putnis and others,
2005) and observations on newly performed experiments. Figure 8 illustrates the
replacement of KBr in pure KCl solution (A-C) and the replacement of KCl in pure
KBr solution (D-F).

KBr substrate in KCl solution.—In this first case, the negative �V r is clearly visible as
porosity in the replacement. The outlines of the larger pores are generally parallel to
�100� and display the close orientational relationship between parent and replace-
ment. Usually, finer pores are present next to the interface and this porosity coarsens
towards the outside surface of the crystal. As observed by Putnis and others (2005),
porosity can also partly or fully anneal out on the way to attaining textural equilibrium,
which follows the chemical equilibration. The replacement rate is very fast (up to 40
�m/min) in the first 10 minutes of the experiment. The interface between the initial
crystal and the replacement is usually wavy but shows a steep compositional gradient.

Fig. 7. Local equilibrium pairs for the reaction of a thin film in a layer of saturated KCl solution with a
certain thickness together with a schematic drawing.
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However, the most striking phenomenon is that the composition of the first precipitate
is very Br-rich and becomes more Cl-rich during the reaction. This observation is
apparently in contradiction with the reaction path inferred by solid solution-aqueous
solution equilibrium, which predicts the first precipitate to be very chlorine-rich since
a small amount of KBr mixes with the bulk KCl solution. The dissolution of a thin film
of KBr in a limited KCl solution layer provides a reasonable explanation consistent with
the real-time phase-shift interferometry results of Putnis and others (2005). With time,
the solution starts to homogenize by diffusion within the fluid phase. The ratio
between the solution layer thickness and the dissolved layer thickness starts to increase
leading to a continuous shift of the replacement composition towards pure KCl. All of
these “reaction sub-systems” have a negative �V r that allow a fast progression of the
replacement front and a complete replacement of KBr by KCl and chemical equilibra-
tion within about 2 hours as described before.

KCl substrate in KBr solution.—The reverse reaction shows significant differences in
terms of reaction kinetics and the developed texture of the replacement. Generally,
the replacement rate is much lower than for the replacement of KBr. For pure
saturated KBr solution it can be up to 20 �m/min for the first 3 minutes, but then
drops to less than 1 �m/min (Pollok, ms, 2005). The surface of the replaced KBr
crystal shows some pores together with growth hillocks. These hillocks are small newly
formed crystals that grow on top of the replaced surface and are interpreted as a
consequence of a positive �V r of the reaction. The interface is again very sharp but

Fig. 8. Texture of a replaced surface of a KBr crystal in pure KCl solution (A, B, C) and a KCl crystal in
pure KBr solution (D, E, F) after 25 minutes (for details of the experimental procedure see Putnis and
Mezger, 2004). Secondary electron images (A, B, D, E) show porosity and growth hillocks indicating positive
and negative volume change, respectively. The edges of the pores are generally crystallographically
orientated with outlines parallel to the faces of the crystal, that is parallel to �100�. Backscattered electron
images (C, F) show a sharp compositional interface, which is wavy in case of negative volume changes (C)
and straight with positive volume changes (F). Negative volume changes lead to a faster advancement of the
reacting interface as porosity serves as a fluid pathway.
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much straighter than for the KBr replacement. The composition of the replacement,
xKBr

repl , is about 0.8 and, thus, very different from the initial composition (pure KCl). The
replacement composition matches the composition at which the zero volume crossing
of the local volume change curve from negative to positive �V r occurs (fig. 5B). After
an initial period of relatively fast replacement with negative volume change, which may
have caused the residual porosity visible in figure 8E, the reacting surface will be sealed
by the replacement, which significantly slows down the replacement rate. Further
reaction requires diffusion at the replacement interface because the outer rim is in
equilibrium with the surrounding solution but the non-replaced core is not. However
any further evolution of the system leads to more positive �V r values and material is
precipitated onto the replaced surface as growth hillocks. For the replacement of KBr
in a mixed KBr-KCl-saturated solution, the replacement rate is already very low at the
start of the experiment since the local volume change at the interface will always be
positive.

conclusions and implications for mineral replacement reactions
In this paper, a model has been presented for quantitative analysis of volume

change in a coupled dissolution-precipitation (replacement) reaction with special
emphasis on SS-AS systems. The following conclusions can be drawn:

(1) A coupled dissolution-precipitation reaction can only form a pseudomorphic
replacement if the associated negative �V r is not too large. Percolation theory
may help to define limiting porosity thresholds that depend on pore size and
shape.

(2) �V r is determined by both the molar volume of the solids in the dissolution-
precipitation reaction and their relative solubility. This point may be of great
importance for metamorphic reactions that are still often seen as isochemical
reaction between minerals in a virtually closed system with fluid only acting as
catalyst.

(3) The internal consistent combination of solubility diagram and solubility
phase diagram allow to quantify �V r for simple, but non-ideal SS-AS systems.
More complex SS-AS systems involving rock-forming silicates necessitate
direct computer-aided thermodynamic modeling involving solubility related
volume changes.

(4) Relative volume changes in experiments depend strongly on the reaction
path (Berthelot-Nernst versus Doerner-Hoskins precipitation or dissolution
into finite solution layers). Additional information is therefore necessary to
correctly predict �V r and to make qualitative statement of the reaction rate.

(5) A further validation of these concepts for simple salt systems will require
experiments with well defined solid to solution ratios, using the lever-rule
together with a quantitative measurement of microporosity.
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Appendix

a1 derivation of self-consistent solubility phase diagrams and solubility diagrams

Rewriting of equation (5) using ai 
 �imi leads to:

�A���B	� � �A � �B � mA � mB � � KABxABfAB (A1)

�A���C	� � �A � �C � mA � mC � � KACxACfAC. (A2)

Therefore, the molality of anions is:

mB	 �
KABxABfAB

�A � �B � mA �

(A3)

mC	 �
KACxACfAC

�A � �C � mA �

. (A4)

If equal molalities of cations and anions (mA� 
 mB	 � mC	) are assumed, the molality of A� can be
expressed as

mA� � �KABxABfAB

�A � �B �

�
KACxACfAC

�A � �C �

. (A5)

Referring to solutions saturated either with pure AB or AC lead to relationships of the end member
solubilities sAB and sAC:

mA�
0 mB	

0 �
KAB

�A �
0 �B �

0 � sAB
2 (A6)

mA�
0 mC	

0 �
KAC

�A �
0 �C �

0 � sAC
2 . (A7)

To develop a connection between the molalities in the mixed solution and the solubility of the end members
(that is between eqs (A3)–(A5) and eqs (A6) and (A7)) Azimov and Shtukenberg (2000) replaced the
exponent 2 and �i � �i

0 in equations (A6) and (A7) by the empirical exponent � and �i 
 �i
0. In this way an

empirical correction for the differences in ionic strengths and the ion activities in pure and mixed solutions
is applied:

��mA�mB	�� �
KAB

�A � �B �

� sAB
� (A8)

��mA�mC	�� �
KAC

�A � �C �

� sAC
� . (A9)

At equilibrium the molality of A� in the solution is equal to the total solubility with the assumption mA� 

mB	 � mC	. Rewriting equation (A5) with equation (A8) and (A9) results in an analogue to the solidus of the
Lippmann model:

seq
� � ��mA��mB	 � mC	��� � sAB

� xABfAB � sAC
� xACfAC (A10)

seq � mA�,eq � ��sAB
� xABfAB � sAC

� xACfAC. (A11)

The analogue for the solutus is:

seq � �� 1

� xB,aq

sAB
� fAB

�
xC,aq

sAC
� fAC

�. (A12)

The aqueous mole fractions are defined as

xB,aq �
mB	

mB	 � mC	

�
sAB
� xABfAB

sAB
� xABfAB � sAC

� xACfAC
(A13)
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xC,aq �
mC	

mB	 � mC	

�
sAC
� xACfAC

sAB
� xABfAB � sAC

� xACfAC
. (A14)

The molalities of B and C at equilibrium are needed as x and y values to construct the solubility diagram from
the solutus curve with internal consistency:

mBeq
	 � xB,aqseq (A15)

mCeq
	 � xC,aqseq. (A16)

a2 lever rule and endpoints

The application of the lever rule to the solubility phase diagram allows a prediction of the equilibrium
composition and the amount of final precipitates and solution. The amount of substance as solid and in
solution (nAB and naq 
 seq, respectively) and the composition of coexisting solid and solution (xAB and xaq)
can be determined from the total number of substances (ntot) in the system and the composition of the total
system (xtot) by

nAB�xtot � xAB� � naq�xaq � xtot�. (A17)

With nAB 
 ntot 	 naq the equation can be rearranged to

xAB �
naqxaq � ntotxtot

naq � ntot
. (A18)

naq is the amount of substance in a saturated solution, that is, the solubility at a certain solution composition
xaq which is in equilibrium with a certain xAB. This can be expressed by equation (A11), which is the solidus
expression for the solubility phase diagram. xaq is determined by equations (A13) and (A14). Therefore the
former equation can be expressed as

xAB �

��sAB
� xABfAB � sAC

� �1 � xAB�fAC �
sAB
� xABfAB

�sAB
� xABfAB � sAC

� �1 � xAB�fAC�
� ntotxtot

��sAB
� xABfAB � sAC

� �1 � xAB�fAC � ntot

(A19)

which can be solved iteratively.

a3 derivation of the mass balance equation

The mass balance equation for the coupled dissolution-precipitation reaction has been derived from
the graphical representation of the reaction path as shown in figure 3A and figure A1. Note that the reaction
path is a virtual one in order to mass balance the equations, but the real reaction is supposed to occur in
multiple dissolution-precipitation steps close to the solubility line. The important assumption for the mass
balance is the following: The precipitating solid at the end of the reaction is homogeneous and in
equilibrium with the surrounding fluid. Thus, the hypothetical endpoint P3 on the solubility curve defines
the composition of the solid, which can be found from the connecting tie-line in a solubility-phase diagram.

The composition of the solid is given by xAB
repl �

�x
�x � �y

. With
1

xAB
repl �

�x � �y
�x

� 1 �
�y
�x

the slope

between P2 and P3 can therefore be expressed as

��y�
��x23�

�
1

xAB
repl � 1. (A20)

All distances are expressed as absolute values to avoid confusion regarding the denomination of points and
the sign of coefficients.

For lengths of the dissolution path equal to 1, the segment ��x23� can be determined in relation to the
parameters q and xAB

repl:

��x13� � ��x23� � 1 (A21)

q �
��y�

��x13�
(A22)
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1
xAB

repl � 1 �
�1 � xAB

repl�

xAB
repl �

��y�
��x23�

. (A23)

Identifying ��y� in equations (A22) and (A23) using equation (A21) gives:

�1 � ��x23�� � q � ��x23� �
�1 � xAB

repl�

xAB
repl (A24)

which can be transformed to:

�1 � ��x23��
��x23�

�
1

��x23�
� 1 �

�1 � xAB
repl�

xAB
repl � q

. (A25)

Solving for ��x23� results in:

��x23� �
q � xAB

repl

�1 � �q � 1� � xAB
repl�

. (A26)

The amount of precipitated material is given by:

��x23� � ��y� �
q � xAB

repl

�1 � �q � 1� � xAB
repl�

�
q � xAB

repl

�1 � �q � 1� � xAB
repl�

�
�1 � xAB

repl�

xAB
repl �

q
�1 � �q � 1� � xAB

repl�
. (A27)

Fig. A1.
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From this coefficient all others can be easily determined by mass balance or using the unified theory (eq 15)
of Königsberger and Gamsjäger (1987, 1992).
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