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ABSTRACT. Compositional zoning in garnet is an important source of information
about the history of a rock, because diffusion is not effective at changing compositions
formed at moderate temperature. However, when diffusion must be considered at
high temperatures, the complexity of composition of garnet solid solution and interest
in the zoning pattern of minor components such as spessartite increase the possible
significance of diffusion cross coefficients. The objective of this paper is to review a
convenient procedure for computing diffusion profiles in multi-component systems
that takes into account cross coefficients.

Theoretical constraints of irreversible thermodynamics and frames of reference
limit the number of independent diffusion coefficients. The thermodynamic solution
model of Ganguly and Kennedy (1974) is used to constrain the diffusion matrix of
garnet. While the mean volume reference frame is a good choice for garnet, the
error introduced by using the mean molar reference frame is not significant in view
of the uncertainties of data, and this reference frame is used in the model. Transfor-
mations of reference frame and dependent component are given so that diffusion
coefficients assumed in this and subsequent papers can be compared with other simu-
lations and experiments.

A standard computational procedure using eigenvector analysis that is quite
general is outlined and enables one to use mathematical solutions for the binary
diffusion model appropriate to the specific difftusion problem. The only limiting ap-
proximation is that diffusion coeflicients are constant over the compositional range of
interest and specific reference frame. This procedure is applied in a subsequent paper
to compute models that are compared with zoning profiles from rocks. A FORTRAN
IV program that can be adapted to a wide variety of problems involving diffusion in
garnet is available.

GENERAL NOTATION

A — transformation matrix to form conjugate forces (see eq 13 and
following).
Bwr,; — element of transformation matrix from reference frame p to r.
C — total concentration (moles/cm?).
C; — concentration of component j.
D*, — ideal intrinsic diffusion coefficient, defined by eq 23.
D’;; — uncontracted diffusion coefficient in absolute reference frame.
Dv;; — uncontracted diffusion coefficient in reference frame r.
Dr; — diftusion coefficient for the r reference frame.
1Dry; — diffusion coefficient assuming n to be a dependent component.
Ges  — excess Gibbs free energy (in this case, enthalpy) of mixing in
aluminous garnets.
Gty — seeeq 5.
— identity matrix.
I — flux of component i in moles/cm?-sec.
J'i  — flux of i with respect to mean velocity reference frame r.

L — phenomenological coefficient corresponding to reference frame r.
N — total moles in system.

n;  — moles of component j.

n — last component (usually 4th).
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qi  — mobility of component i.

R — gas constant.

R — matrix with normalized eigenvectors as columns.

T  — absolute temperature (°K).

vt — velocity of reference frame r with respect to absolute (labo-
ratory) coordinates.

\Z — absolute velocity of component i.

v — molar volume.

V:  — partial molar volume of component i.

X; — mole fraction of component i.

8;; — Kronecker delta (§;;=1, i=j, §;;=0, i#j).

Vi — activity coefficient of component i.

o — ‘local” entropy production.

ui  — chemical potential of component i.

MATHEMATICAL NOTATION

z — transpose of matrix Z.

Z—-* — inverse of matrix Z.

ai — “local” derivative at a point fixed in the absolute reference
t frame.

dr . S . . .

— — substantial derivative at a point moving with flow of reference

de framer.

. — dot (inner) vector product.

V  — gradient operator.

div.  — divergence operator (V *).

INTRODUCTION

Compositional zoning in garnet crystals is a primary source of in-
formation about the history of a rock sample because diffusion is less
effective at modifying garnet compositions than it is in most other min-
erals. In addition, stoichiometric compositional controls of garnet allow
a wide range of compositional variation that is related to growth history
and is able to record changing conditions of temperature, pressure, and
bulk composition of the system.

Garnet composition is a function of all these variables. Growth
without reequilibration of earlier-formed garnet can result in depletion
effects ol inert components, even il partitioning is constant. A change
ol intensive variables can affect partitioning between garnet and other
phases or force compositional change through divariant reactions. Fi-
nally, disequilibrium growth may involve the processes of surface kinetics
as variables.

In view of the above complications, a great deal of information
must be available about a sample to interpret garnet zoning, even if
garnet, once formed, becomes chemically inert. In fact, diffusion is an
active process at high temperature, and one must add the effects of dif-
fusion within garnet as another variable in the list above. Diffusion will
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affect the composition retained by growing garnet in a changing chemi-
cal environment, as well as modily previously-crystallized compositions.
Evidence of diffusion in natural garnet has been presented (Chinner,
1962; Evans and Guidotti, 1966; de Bethune and others, 1968; Kwak,
1970; Grant and Weiblen, 1971; Hess, 1971; Mueller and Schneider,
1971; Loomis, 1972, 1975; Arkai, Nagy, and Panto, 1975; de Bethune,
Laduron, and Bocquet, 1975; Woodsworth, 1977), and some diffusion
models considered (Anderson and Buckley, 1973, 1974; Loomis, 1975,
1977; Lasaga, Richardson, and Holland, 1977), but the significance of
diffusion cross coefficients has not been evaluated.

While the multicomponent character of garnet composition is an
asset, it also complicates analysis of diffusion. If a usually minor com-
ponent such as spessartite is of interest, then even small cross-coupling
with a major diffusing component can be significant, as noted by Ander-
son and Buckley (1973). In view of the emphasis placed on spessartite
in the analysis of garnet zoning, it is worthwhile to consider cross-
coupling effects with the major components almandine and pyrope. The
necessity of considering cross-coupling when analyzing the diffusion of
minor components in garnet is demonstrated in part 2. Thermodynamic
mixing models for garnet (Ganguly and Kennedy, 1974) suggest that
interaction between pyrope and spessartite may be significant.

The purpose of these papers is to model multicomponent diffusion
within garnet using estimated diffusion coefficients and compare the
morphology of computed compositional profiles with natural samples to
determine the importance of diffusion cross coefficients. Eventually, ex-
perimental data will be available and can be evaluated using these
models. In view of the applied objective of this review, I will concen-
trate on parameters that can be measured directly by experiment by
comparison of models with natural examples. Transformations are con-
sidered to determine what simplifications are appropriate and to enable
comparison of experimental (including simulation) results. Mechanistic
models of diffusion in garnet have been evaluated critically in the ex-
cellent reviews by Anderson and Buckley (1974) and Anderson (1976);
these models are not considered here.

Similarly, it is not my intention to review completely the subject of
diffusion, many aspects of which are of limited applicability considering
the paucity of data available and, particularly, the eventual application
to poorly constrained geologic systems. It may be necessary to evaluate
many compositionally and directionally dependent parameters to model
diffusion fully, but for purposes of predicting reaction rate or grain
orientation by recrystallization in heterogeneous rocks under poorly de-
fined T and P conditions, simple approximations are appropriate. An
effort is made in this work to justify simplifications without succumbing
to the temptation to indulge in details far beyond the present data; the
application of an elegant theory to a practical geological problem is a
controvertible endeavor. Some simplifying assumptions are made ini-
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tially. Garnet is assumed to be in thermal and mechanical equilibrium
without temperature or pressure gradients. Crystals are supposed to be
isotropic with respect to diffusion. Only aluminous garnets found in
pelitic and basic rocks are specifically considered as examples.

While the following analysis is aimed at modeling diffusion in
garnet, it is obvious that most of the procedures are generally applicable.

MULTICOMPONENT DIFFUSION

Fick’s Law.—Fick’s law is of basic importance because compositions
and composition gradients are the measured quantities in nature. Allow-
ing for cross-coupling between n components in a substance, Onsager
(1945) generalized Fick’s law to

Ji = — D; VG, (1A)

b=

1

.
Il

where J; is the flux of component i (moles/cmz2sec), D’; are diffusion
coefficients, and VC; is the spatial gradient of composition, all measured
with respect to an absolute or laboratory reference frame. Composition
C is assumed to be concentration (mole/cm?) but could be mass density
(g/cm3). It is convenient to formulate the flux eq (1A) in contracted
form using a mean velocity reference frame r (de Groot and Mazur, 1962,
p- 240) as follows:

n—I1
Iy = — 2 Dr; VG (1B)
j=1

The flux equations can be operated upon by a continuity equation
(substantial derivative of fluid dynamics) to obtain the instantaneous
compositional change at a point moving with the mean velocity refer-
ence frame (denoted dr/dt)

drci
dt

= —div J5; — G div vr, (2A)

where the operator div is divergence and v* the velocity of the reference

frame r with respect to the absolute or laboratory frame. Eq 2A is

analogous to eq 10 in de Groot and Mazur, 1962, p. 13. Eq 2A can also
be written in the mean molar reference frame (m)

dmX, 1 .

—_— = — — div ™, 2B

dt C " (2B)

where X is mole fraction and C total concentration or “molar density”;

this equation is analogous to eq 13 of de Groot and Mazur, 1962, p. 13.

Eq 2B is useful if C is constant, that is, if the partial molar volumes of

components over the compositional range of interest are equal. Alterna-
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tively, the compositional change at a point fixed with respect to an
absolute reference frame is given by
oG, _ d'CG
ot dt

— Ve VG (2C)

These equations can be integrated using boundary conditions ap-
propriate to the problem to find concentrations as functions of time and
space. Integration is often not difficult in a binary system (n=2), because
mass balance constrains diffusion coeflicients to a single matrix element.
Problems related to anisotropy, composition dependence, and moving
reference frames still complicate analysis. Eqs 2, where referring to a
multicomponent system, are difficult to evaluate.

Components—In principle, one can choose any components to
describe the system. However, a number of constraints that will relate
components exist, and it is easiest to eliminate such dependencies at the
outset.

Garnet solid solutions of interest here are described in terms of the
components pyrope, almandine, grossularite, and spessartite. Actual dif-
fusion probably involves motion of ions of Mg, Fe, Ca, and Mn, but
stoichiometric constraints and local charge balance render fluxes of ions
dependent. In addition, the chemical potential of ions cannot be eval-
uated independently of stoichiometric components. Similarly, oxide com-
ponents are dependent by stoichiometric constraints of the garnet struc-
ture.

Composition of a system is most easily measured in terms of inten-
sive variables. In particular, mineral analyses are usually reported as
mole fractions rather than mass fractions or concentrations. It will be
convenient to formulate the diffusion equations in terms of mole frac-
tions if possible. Mole fractions of the stoichiometric components are
not all independent, being related by mass balance. This remaining
dependency will be eliminated below.

Frames of references—Eqs 2 are difficult to solve if the absolute
laboratory reference frame is different from the mean velocity ref-
erence frame used to define diffusion coefficients. It is most convenient
to perform experiments or, in our case, to compute composition profiles
in a mean velocity reference frame that closely approximates the abso-
lute reference frame. In other words, it is desirable to find a mean veloc-
ity v" that is approximately zero in the absolute frame of measurement.
Diffusion coefficients in any mean velocity reference frame can be related
to those used in the chosen frame by transformations discussed below.

The mean volume velocity reference frame is useful for garnet dif-
fusion, because the mean volume velocity of garnet approximately
vanishes. Fluxes in the volume frame are

Ji=G (vi—VvY),

where v, is the absolute velocity of component i, and vV the mean volume
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velocity relative to the absolute frame of reference. The mean volume
velocity is found by setting the total flux of volume equal to zero:

VIV = 2 Vi]Vi=10
R
vV = 2 CV,v,.

V; is the partial molar volume of component i, and V the molar volume
of garnet of the composition of interest, that is, at the point of interest.

The mean volume velocity vV vanishes if partial molar volumes are
constant, that is, if there is no volume of mixing, as shown by de Groot
and Mazur (1962, p. 256). Regression analysis of natural garnets by
Novak and Gibbs (1971, p. 817) indicates that the molar volume of
garnet can be taken as linearly dependent upon end-member volumes.
Then eq 2A is equivalent to 2C and can be integrated using appro-
priate boundary conditions.

A further simplification may be possible for some problems. Eq 2B
is particularly simple if the overall concentration

C:'?
A%

remains approximately constant. In that case, the mean molar velocity

n
vm = E X vi

i=1
vanishes, and the mean molar fluxes

n—1
Jmi — I)mij VCJ
j=1
become identical with absolute fluxes. Substituting this flux equation
into 2B, we have

n—1
6Xi _ dei T Dm“vx, 3
- —dlv2( 1 VX)), (3)
]:

where the mean molar frame (m) and absolute frame are identical.
LEq 3 is convenient, because microprobe analyses are reported in mole
fraction, and thermodynamic mixing models of garnet usually utilize
mole fraction rather than concentration; microprobe zoning profiles
can be modeled directly without conversion to concentration.
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Eq 3 is applicable, if the mean molar volume is constant during the
diffusion process, which, in turn, requires that molar volumes of end-
members are identical. The molar volumes (in cm? at 25°C, normalized
to one exchangeable cation) of pyrope (37.9), almandine (38.4), and
spessartite (39.4), are probably close enough to be considered equal,
especially if the absolute variation of mole fraction of spessartite is small
as is commonly the case. Grossularite (41.8) has a slightly larger volume,
and approximation (3) is useful, if precise data are available, only for
models in which grossularite variation is small. For our purposes, the
mean molar reference frame is a reasonable approximation to the mean
volume and absolute reference frames, and eq 8 will be used in the
examples of part 2.

A different reference frame that would be useful is the lattice-fixed
frame, denoted by I. Garnet could be considered to comprise the com-
ponents Mg?+, Fe2+, Ca?+, Mn2?+, and Al,Si;0,,°—, the latter being the
“lattice”. Fluxes and gradients could be measured with respect to this
lattice as the “Ith” component of reference. The reference velocity, v,
represents motion of the Al-Si-O lattice.

As noted above when the choice of components was considered,
stoichiometric requirements constrain some components. In this case,
the mole fraction of lattice component X, must remain constant to
maintain stoichiometry, and the gradient of the mole fraction of this
component is zero. It is apparent from eq 3 that these conditions are
fulfilled in the mean molar reference frame, and the lattice-fixed refer-
ence frame is identical to the mean molar reference frame for garnet.

Independence of diffusion coefficients—By analogy with Fick’s law
(eq 1A), the flux equations in the mean molar velocity reference frame
could be written

n

Jm = — Z: Dwy; VG
=1
However, both fluxes and concentration gradients are dependent in the

mean molar (or other mean velocity) reference frame as reviewed by
Brady (1975a). Concentration gradients are dependent by mass balance

n
Evci:vczo, (4)
i=1
and fluxes are related by
n
S Jm=o. (5)
i=1

Applying (4) to eliminate the nth component as a dependent component,
the fluxes of eq 1A can be written in the form (1B)
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n—1

Fim= 3 0D VG
(6)

= — 2 Dmy; VG; .

j=1
Only the Dm; coefficients are independent. In this paper, following
de Groot and Mazur (1962, p. 244), diffusion coefficients will be taken
as the (n—1) independent coefficients (1B) for (n—1) independent fluxes.

Dependence of fluxes and gradients means that only n—1 compo-
nents are explicitly considered; one component is chosen as a dependent
variable. Thus, the diffusion coefficients reported depend upon the par-
ticular component chosen as the dependent variable. In addition, the
(n—1)* independent diffusion coefficients depend upon the choice of ref-
erence frame and the compositional parameters used to describe the
system. Transformations of diffusion coefficients to other systems using
a different dependent component or reference frame are considered
below.

Transformations.—The diffusion coefficient utilized in these papers
refers to the mean molar velocity reference frame and grossularite as
the dependent component. It is necessary to present transformations so
that the coefficients used in part 2 can be compared with “standard”
coefficients reported for the mean volume reference frame or those de-
rived using dependent components other than grossularite. The coeffi-
cients can be transformed to a system considering another component as
dependent by using equations of molar balance. If diffusion coefficients
are based on dependence of component p, coefficients dependent on com-
ponent n can be found from relations based on eqs 5 and 6:

nDmy; = rDm; 4 2Dy, (™)
rDmy, = 2Dm, =0

n—1
nDm = — 2 nDm,;

i=1

n
S Y

i=1

where superscripts p and n refer to the dependent component. These
constraints can be solved for the new set of coefficients in terms of the
old ones.

Diffusion coeflicients measured in one reference frame are not nec-
essarily equivalent in other frames. We have shown that diffusion in
aluminous garnets can be evaluated in terms of a mean volume reference
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frame and may be approximated by the mean molar reference frame.
The error inherent in the use of the mean molar frame can be evaluated
by noting the difference in the set of diffusion coefficients in the two
frames of reference.

Define a transformation matrix BV™ (after de Groot and Mazur,
1962, p. 243) such that

]V — BVm ]m (8)

for independent fluxes (1B). Elements of matrix B are given by de Groot
and Mazur (1962, p. 243):

BV, = 8, + (V_‘_j‘i X,. )

The transformation of the diffusion coefficient matrix is found using
matrix equations equivalent to (1B), setting compositional gradients
equal, and substituting (8):

DY — BvVm Dm,

This transformation is valid for n—1 independent diffusion coefficients
defined according to (1B).

One can see by substituting realistic values of molar volumes into
eq 9 that transformation from mean molar to mean volume reference
frames for garnet results in differences of at most a few percent. Note
that transformation, in the general case, does depend on composition.
Diffusion coefficients compositionally independent in one reference frame
will be compositionally dependent in another. These differences related
to frame of reference are not significant in view of other assumptions
and the present lack of data. Ignorance of the compositional dependence
of diffusion coefficients and the assumption of constant eigenvectors
(discussed below) are probably far more important approximations.

IRREVERSIBLE THERMODYNAMICS FORMULATION

The previous development of diffusion theory is probably sufficient
to model diffusion in garnet, if data were available. The theory of irre-
versible thermodynamics is useful for one reason in this problem: the
Onsager reciprocal relations. The theory, excluding the extension to
linear phenomenological coefficients, is widely applicable, but the most
useful aspect, the assumption that a process can be represented by a set
of equations involving only linear terms, is valid for diffusion or only
very near equilibrium for chemical reactions (de Groot and Mazur, 1962,
p- 206). I will assume that linear phenomenological coefficients can be
applied to this problem of diffusion because the energy gradients (forces)
are small.

The formalism of multicomponent diffusion has been available for
many years and is found in a number of textbooks. The primary refer-
ence used here is de Groot and Mazur (1962). Reviews of this subject
have appeared in geologic literature in recent years (for example, Fisher,
1973; Anderson and Buckley, 1974; Brady, 1975a,b). Only the basic
points applicable to diffusion in garnet are considered here briefly.
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Forces and fluxes.—The theory can be related to the standard ther-
modynamic concept of a potential energy function that represents the
potential energy available to do work, for example, to drive diffusion.
Two assumptions are required (de Groot and Mazur, 1962, p. 20-24)
involving the existence of thermodynamic functions and the sources of
entropy change at a point.

Using continuity balance equations, these two assumptions can be
compared to yield, at uniform T and P:

n
To = - > JVm (10)
i=1
where y; is chemical potential, and o represents the irreversible creation
of entropy. The creation of entropy is related to the flow of matter
through a potential energy gradient ([orce).

If the creation of entropy is considered to be the fundamental quan-
tity that measures the progress of an irreversible process, then any choice
of flux and force is acceptable as long as the product is Tg. Forces and
fluxes that satisty this relation can be transformed to new frames of ref-
erence using (10) as a constraint. In general, transformation of fluxes
from one reference frame to another will require finding new forces,
called forces conjugate to the fluxes, such that (10) holds.

Before transformations are considered, the phenomenological co-
efficients are introduced. The symmetry properties of these coefficients
are the primary purpose of introducing the theory. The general assump-
tion is that fluxes are proportional to forces in the system, so that

n
== Ly, (1)
j=1
where L;; are the phenomenological coeflicients. As noted above, a linear
relationship between forces and fluxes may be valid for diffusion but
is probably not valid for heterogeneous reactions.

The usefulness of (11) in our problem is based on the theory that
the matrix of phenomenological coefficients, known as the Onsager
reciprocal relations (ORR) (Onsager, 1931), is symmetrical. This assump-
tion is valid only if certain conditions are met. Both fluxes and [orces
in (10) are dependent in any reference [rame. As shown by de Groot
and Mazur (1962, p. 67-69), if both [luxes and [orces are dependent, the
ORR are not necessarily valid because the coeflicients are not uniquely
defined. However, one can choose coeflicients so that the ORR are valid
by adding appropriate constraints, as detailed by de Groot and Mazur
(1962, p. 68-69). Therelore, it is necessary to consider a particular system
of fluxes and forces to determine whether ORR are valid.

Independent fluxes and forces.—Fluxes are dependent in any [rame
of reference, as considered above. For the mean molar frame of refer-
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ence, eq 5 relates the fluxes. Thermodynamic forces are also dependent
by virtue of Gibbs-Duhem relations:

n
2 X, Vi = 0. (12)
=l
Consequently, these fluxes and forces satisfy the requirement (10), but
the ORR are not necessarily satisfied.
Using (5) and (12) to eliminate the nth force and flux as dependent,
one finds new forces “‘conjugate” to the independent fluxes so that the
entropy production remains invariant:

n—1
TO’ — 2: Jmi?(mi s
i=1

where
n- -1

— X.
Xm, — — E: §.+ i) Vs 13
i < ij X > i (13)

j: l n
(de Groot and Mazur, 1962, derive this transformation in general, p. 241).
Then the phenomenological relations (11), using independent fluxes and
forces become:

n—1
=S e Xy (14)
i=1
In matrix notation, let relation (13) be given as
Xn = —An Vp
and (14) as
Jumo= Lm X,

If the ORR hold for independent forces and fluxes in one reference
frame, they hold in other reference frames. The ORR are assumed to be
valid in any reference frame, if fluxes are linear functions of forces, at
least fluxes or forces form an independent set, and entropy production
remains invariant under reference frame transformation. We will assume
that the ORR are valid for independent forces and fluxes in the mean
volume and mean molar velocity reference frames for garnet.

Irreversible thermodynamic constraints on D.—Thermodynamic
forces can be expanded in terms of measurable quantities such as mole
fractions:

n
_ O
V/u; = —K VX,--
j=1
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In matrix notation
Vp = p VX
Independent forces become

Xm = —/Am V’L
= —Am " VX R

The product A™ u is called G™ by de Groot and Mazur (1962, p. 245).
They further show that G™ is always symmetrical, although u may not be.
In this reference frame,

n—1
Xk all/k
Gmy; = ?<8ik+ X)aX-
n 3]

dmd
k=1
n—1
oy 1 cJm
=B+ _ N'x .
0X; X Z )@
k=1

This expression can be simplified by using a Gibbs-Duhem expression

at constant T and P:
n
a/.Lk
X, —— = 0.
2 £oX;
k=1

Then
0
Gmij = —aw (I-Li —_ ,u,”). (15)

Both terms are compositionally dependent, even with ideal solution;
therefore G™ is generally compositionally dependent.

The expression for fluxes using diffusion coefficients must be equiva-
lent to the thermodynamic expression. The only restrictions when com-
paring matrices is that the same component be taken as dependent in
both formulations and the same frame of reference be used. Then,
using independent fluxes,

Im = —-Dm vX = —[m (Gm VX
The comparison yields the relation
Dm = L» G™,

If the ORR hold for the independent system and L™ is symmetrical, we
have the constraint on the diffusion coefhcients that we are after (Onsager,
1945, p. 246; de Groot and Mazur, 1962, p. 246):

Dm = Gn— Dm Gm . (16)

The usefulness of relation 16 is apparent from the fact that it con-
strains the elements of D without explicitly computing L. The phenom-
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enological coefficients are theoretically useful in this way, even though
they must be extremely sensitive to composition if diffusion coefficients
are not to vary markedly.

Eq 16 provides three constraints on the nine elements of D in a
four component system; thus, only six independent elements must be
specified. However, the constraints of (16) are not general but limit only
particular elements of the matrix. Specifically, the three diagonal ele-
ments and three off-diagonal ones on the same side must be given to
solve the remaining three off-diagonal elements. Solution of (16) for a
complete D that satisfies the ORR from six input coefficients is one
option of the modeling procedure.

It must be noted that L, G, and D are compositionally dependent
(Gupta and Cooper, 1971). However, as the compositional variations of
interest become smaller, the assumption of a compositionally inde-
pendent D becomes justifiable (Cooper, 1974, quoting Sauer). It will be
necessary to approximate D as constant for a small compositional range
of interest. In view of the uncertainty of the values of diffusion coefh-
cients, especially for garnet, and the small compositional range of
interest in most natural rocks, this approximation is probably not too
restrictive.

SOLUTION MODEL

The garnet solution considered here is taken to include four end-
member components: pyrope (py), almandine (al), spessartite (sp), and
grossularite (gr), formulas normalized to one exchangeable cation. Gros-
sularite is chosen as the “nth” or dependent component in the flux
equations.

Chemical potential of component j is calculated from the formula

p; = u*; + RTInX; + RTIny, (17)

where p*; is the molar free energy of the pure end-member with one
divalent cation at the T and P of interest, and vy; is the activity coeffi-
cient corresponding to the excess free energy of mixing (G*¥) at T and P.
The excess free energy of mixing in N moles of divalent cation in garnet
is approximated by a symmetrical solution model by Ganguly and Ken-
nedy (1974, p. 139):

. g Nyy Ny Ny,
Gex = — N Wy T —F W
nﬂl nsp npv nzr
+ I Wag + B W
n,. n n,. N,
py sp gr Ysp
+ N WD,"-SD + N Wgr—spr

where W is an interaction parameter, n; moles of component j, and N
total moles. The activity coefficient for each component is found by
differentiating the excess free energy term:

ex ’(.‘ (4
9Gx _ 9Gx oN G

RTlny;, = = .
;s an; IN  dn; an; (18)
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Terms of the G™ matrix are found using (15), (17), and mass bal-
ance, remembering that X, is a dependent variable:

m —_— a —_
Gmy; = ox, (i — )

— 6/"] _|_ 8”1 a>(n _ aI-'('n _ 3,“/1\ aXn
axX, | X, X, | aX, | aX, %,
_  RT , RT 9
=6y * x + % RThv) (19)
— 9 RTny) — —2— (RTIny,)
iX, " T, o)

Applying (19) to the activity coefficient terms found using (18), taking
grossularite as the nth component of four, yields:

RT RT

Gn[~a1 = Xul + Xgr - 2W:ll—gr
RT
Gﬂl-py = T‘ + anl-py - W:ll-::r - vay-gr
RT
Gal-sp - X + Wnl—sp - ‘/an—;;r - "vspAgr (20)
gr
RT RT
Gpyay = X,y + X.. — 2W
RT
Gpy-sp = X T Wirso — Wiper — Wopegr
gr
RT RT
Gopsp = ”Ysp“ + -)—(: — 2Wg o -

Other terms can be found from the symmetrical nature of G™. As noted
previously, G™ depends on the composition even in the case of ideal
solution.

Approximate values of the interaction parameters given by Ganguly
and Kennedy (1974, p. 145-146) are as {ollows (cal):

Wy = 3000
W = 0

W = 1000
W,y = 8200
W,y = 3800
Wsp-gr =0.

These values are considered to be constant over the range of T and P
between the data they used (approx 630°C) and the examples considered
here (600°-900°C).
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INTRINSIC COEFFICIENTS

The flux of a component can be defined also in terms of mobilities
and intrinsic diffusion coeflicients. Intrinsic coefficients were introduced
by Darken (1948) and Hartley and Crank (1949) in the analysis of binary
diffusion. Extension to multicomponent systems has been treated by
Cooper (1965) and Carman (1968). The concept is that diffusion of a
species takes place as a result of its own chemical potential gradient only,
and apparent cross coefficients are the result of the bulk flow of the sys-
tem to maintain constant volume, concentration, et cetera, depending on
the reference frame used.

The flux of a component for the mean molar velocity reference
frame is

Jmi = _Xi q; v’ul + ym Xir (21)
where q; is the mobility of component i. Applying the mass balance
constraints of the mean velocity frame and Gibbs-Duhem equation (eqs 5
and 12), the flux is expressed as

n—1
Jo = =Xq Vs + X, 2 X545 —qu) Vi - (22)
j=1
Intrinsic diffusion coefficients, or, as used here, ideal intrinsic coefficients
can be defined in terms of mobilities

D*, = RTq; (23)
ideal intrinsic coeflicients are used here instead of mobilities because

they have the same units as familiar diffusion coefficients. Then, for
ideal solution, (21) takes the simple, intuitive form

Jm = —D*; VX, + v» X,. (24)
Expansion of (22) assuming ideal solution, substitution of (23), and com-

parison with (1B) yields the relationship between measured coefficients
used in modeling and ideal intrinsic coefficients

Dmy; = §; D*; + X, (D*, — D*)).
Thus, all nine coefficients in aluminous garnets are specified in terms of
four ideal intrinsic coefficients in an ideal system.

Non-ideal solution is treated by expanding (22) using (17). It is still
convenient to substitute ideal intrinsic coefficients defined by (23), al-
though the simplicity of (24) no longer holds. Note that “ideal intrinsic
coeflicients” used here are different from “intrinsic coefficients” used by

Carman (1968), and no intrinsic cross coefficients are required. Compari-
son with (1B) yields the relationship

Dmy; =§,; D*, + D* X, I: dlny, B alny,
0X; 0X,
(25)
n—1
By o alny,
—X; N X, (D*, —D* [ ik L . :| .
2 ! ( k ) Xk an BXH

-
I
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This equation, called the mobility model, is evaluated using (18). Dif-
fusion coefficients for either ideal or non-ideal solution computed this
way satisfy the ORR. Most of the modeling of part 2 was accomplished
by specifying ideal intrinsic coefficients and computing diffusion coeffi-
cients by (25).

EIGENVECTOR ANALYSIS

The previous sections allow us to test or create the D matrix using
thermodynamic constraints. The application of D to an actual problem
in diffusion, however, is still complicated by the presence of cross coeffi-
cients and the consequent system of coupled partial differential equations
in the diffusion equation (2B). A simpler procedure that is quite general
and can be used with any solution for binary diffusion is to uncouple
the partial differential equations by transforming components.

Diffusion equations have been developed for a specific set of com-
ponents; in the case of garnet, I have selected pyrope, almandine,
spessartite, and grossularite. The composition of garnet can be described
just as well using a set of four new components, found by combining the
old ones in a linear way. If a new set of components is selected so that
the corresponding diffusion coefficient matrix does not have cross terms,
the new set of components are “principal” components or eigenvectors
in composition space; they form a new set of compositions. For each of
these new components, the diffusion equations are independent and can
be solved using any model for binary diffusion. After compositional
gradients are established using principal components, composition can
be transformed back to the original components. The usefulness of this
method in analysis of multicomponent diffusion has been emphasized
by Gupta and Cooper (1971) and Kirkaldy (1970).

Principal components can be negative or imaginary, but they can
be shown always to be real and positive for D as follows (see also,
Kirkaldy, Weichert, and Zia-ul-Haq, 1963; Cullinan, 1965). Simplifying
notation

D = LG,

where both L and G are symmetrical and therefore have real eigenvalues
(Protter and Morrey, 1964, p. 365). In addition, L must be positive defi-
nite, because o is positive (de Groot and Mazur, 1969, p. 39), and eigen-
values of G are also positive, because the second derivative of free energy
must be positive for thermodynamic stability of a phase (Prigogine and
Defay, 1954; Gupta and Cooper, 1971). Choose a congruent transform
of G so that

G =A4GA=1,

where A4 is the transformation matrix, and I the identity matrix; this is
always possible for a symmetric positive definite matrix (de Groot and
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Mazur, 1962, p. 108). Transform D by a similarity transform using the
same matrix:
D=A4-DA

— AL A,
Moreover
Dr=4-1T A4
Because L is symmetrical,

Bl:Dl

and D’ is symmetrical with positive real eigenvalues. Eigenvalues are
preserved under a similarity transform (Protter and Morrey, 1964, p.
361), and therefore D must have positive real eigenvalues even though
it is not generally symmetric.

The D matrix can be solved for eigenvalues and eigenvectors using
standard computational techniques for non-symmetric matrices. The 3
eigenvalues correspond to diagonal diffusion coefficients in D with all
cross terms equal to zero for the new set of components. The composi-
tion of new components in terms of the old is found using the eigen-
vectors:

X' =R-1X,

where X’ and X represent, respectively, a composition in terms of the
new and old components, and R consists of columns of normalized
eigenvectors.

COMPUTATIONAL PROCEDURE

This brief review of the theory of multicomponent diffusion has
been designed to develop the formulas necessary to compute diffusion
profiles and compare them with experimental or natural data. The pro-
cedure of the computer program is outlined below.

Thermodynamic solution model.—Six thermodynamic parameters W
for the symmetrical solution model of Ganguly and Kennedy and tem-
perature are specified. Ideal solution is treated by setting W’s equal to
zero.

Diffusion coefficients.—In the completely general case, l4n (n—1)
independent constant diffusion coefficients must be assumed for the
compositional range of interest. They can be assumed in any mean
velocity reference frame and transformed to another using equations
equivalent to (9). Again, compositional dependency is introduced by
transformation, and its significance can be evaluated. In the case of gar-
net, I propose to assume coeflicients in the mean molar reference frame,
and their equivalence in the standard mean velocity frame is given by (9).
Little error is introduced by using the convenient mean molar frame
instead of the more exact mean volume frame. If a dependent compo-
nent other than grossularite is desired, the equivalent of my choice of
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diffusion coefficients can be found by (7). The remaining elements of D
are found by solving eq 16 using the G matrix computed according to
(19) or (20) for grossularite as the dependent component. In this way, D
will always be compatible with the thermodynamic solution model, and
it is not necessary to consider specifically the ellect of non-ideal solution.

The alternative method requires assumption of four mobilities or
ideal intrinsic coefficients and the validity of the Hartley-Crank model.
Diffusion coefficients are computed directly using the solution model
from (25) and satisfy automatically the symmetry requirements of L
and G.

Eigenvalues and eigenvectors of the D matrix are formed using stan-
dard algorithms.

Binary diffusion models.—A major advantage of the eigenvector
method is that any binary diffusion model can be used. Realistic models
for geologic situations often involve moving boundaries (reaction) with
variable velocities, already difficult to solve. Initial and boundary condi-
tions for the binary model are transformed by the eigenvector for each
new component and the model solved using the eigenvalue as a diffusion
constant.

The use of the mean molar reference frame is useful because eq 2B
or its equivalent can be used with constant C. Then mole fractions can
be used directly.

Final result.—Computed binary diffusion profiles corresponding to
the independently-diffusing components are combined and transformed
back to the original components for plotting and comparison with ex-
perimental or natural data. Specific examples will be considered in part 2.

A FORTRAN IV computer program following these computational
procedures is available from the author.
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