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ARC LENGTHS OF SINGLE LAYER FOLDS: A
DISCUSSION OF THE COMPARISON BETWEEN
THEORY AND OBSERVATION

RAYMOND C. FLETCHER* and JO-ANN SHERWIN**

ABSTRACT. Low limb-dip fold train profiles were simulated numerically by Fourier
synthesis from known amplitude spectra in order to determine empirical relations
between the frequency distributions of fold arc length and the spectra. The mean fold
arc length is approximately equal to the wavelength of the component for which the
limb-dip is a maximum. If the initial amplitude spectrum that is selectively amplified
in the folding process corresponds to uniform initial limb-dip, the mean fold arc length
will be approximately equal to the wave length of the component that has received
the maximum amplification, in agreement with Sherwin and Chapple (1968).

INTRODUCTION

In the early stages of the folding of a competent layer, the initial
irregular waviness in layer shape is selectively amplified into a more or
less regular train of low limb-dip folds. During this phase, the layer
undergoes nearly uniform thickening. When the limb-dips reach 10° to
20°, a transition between uniform layer thickening and folding at uni-
form thickness takes place, and the wavelength selection process breaks
down. The positions of the hinges of the finite-amplitude folds, measured
in arc length along the layer, preserve the positions of the local minima
and maxima, or maxima in curvature, in the low limb-dip fold train at
the termination of the selection process. This information is lost only
when the folds become tightly appressed, and the limbs are extended, and
the hinge regions thickened.

Wavelength-selection is the part of the folding process most sensitive
to the rheological properties of layer and medium. The theory of
wavelength-selection is well established (Biot, 1961; Sherwin and Chapple,
1968; Fletcher, 1974). For these reasons, the interpretation of the charac-
teristic fold arc length/thickness ratio and the degree of regularity in
natural fold populations provides a good opportunity to obtain informa-
tion on rheological properties of rock during slow tectonic deformation.
Of particular interest are applications in situations where the effective
viscosity of one rock can be obtained relative to a material whose rheo-
logical behavior is well understood from experimental studies — for
example, the matrix of a folded quartz vein; and in situations where the
rheological behavior is not easily amenable to experimental study — for
example, when the deformation involves mass transport of a solu-
ble phase.

Since Sherwin and Chapple’s (1968) initial work on interpreting
natural populations of single-layer folds on the basis of wavelength-
selection theory, no refinements to the method have been made. Several
questions about the interpretation can be raised, however, and the possi-
bility of some refinement exists.
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Fig. 1. Segments of folded quartz veins embedded in phyllite.

First, we may ask what precisely is observed in a fold train? Earlier
work (Currie, Patnode, and Trump, 1962), in which folds were interpre-
ted as arising from elastic buckling in which a distinct mode of instability
arises (see their experimental results), perhaps suggested the notion of
a “fold wavelength.” Biot (1961) supposed that if folds in layered viscous
media were to occur at all, conditions must correspond to the existence
of a relatively strong folding instability. He suggested that the maximum
amplification would typically be greater than 1000, corresponding to a
relatively narrow range of wavelength over which components in the
layer shape have appreciable amplitude. This again suggests a highly
regular, quasi-periodic fold train. In fact, natural fold trains generally
show a substantial degree of irregularity. This is especially clear when
one collects a large population for an interpretative study, rather than
photographs the most striking example in a series of outcrops. Examples
from the largest collection studied in Sherwin and Chapple (1968) are
shown in figure 1. It is not easy to imagine here that one is directly
observing a ‘“fold wavelength.” Although one may wish to use the mean
fold arc length' as an estimate for the wavelength that has received the
maximum amplification, it is not necessary to think of it as a wavelength.

On the other hand, the nature of the profile of a low limb-dip fold
train is well understood. Consider an initial layer shape resolved into its
Fourier components. In the folding process, these components are inde-
pendently and selectively amplified, resulting in an amplification spec-
trum with a maximum near the wavelength of the component that has
received the maximum amplification. The superposition of components,
with initial random phase, results in a more or less smooth and regular,
but nonperiodic, fold train profile. The profile will be smooth at a
length scale equal to the layer thickness. The positions of the incipient
fold hinges, or local maxima in curvature, cannot be interpreted in any
more definite way than as the outcome of the superposition of com-
ponents with random phase. Hence, the distances between them should

! Hereafter we shall suppose that wavelengths or fold arc lengths are mecasured in
units of the layer thickness.
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not be interpreted as wavelengths. Wavelength implies periodicity as
well as regularity. Moreover, there is apparently no direct mathematical
operation that would permit us to derive the frequency distribution of
arc lengths between successive hinges from the given amplitude spectrum
(William Hrushka, personal commun.). This suggests that it may be
worthwhile to reexamine Sherwin and Chapple’s (1968) assumption that
the mean fold arc length is a good estimate for the wavelength of the
component that has received the maximum amplification. One purpose
of the present work is to test this assumption and modify it if necessary.
In the first part of the paper, we establish empirical relations between
the properties of low limb-dip amplitude spectra and those of the corre-
sponding frequency distributions of fold arc length. We synthesize low
limb-dip fold train profiles from a given amplitude spectrum. The fre-
quency distribution of fold arc length is extracted from the synthesized
fold trains. This is repeated for a set of amplitude spectra that have dif-
ferent relative bandwidths. We find that:

1. the mean fold arc length is approximately equal to the wave-
length of the component with the maximum limb-dip, irrespective
of the relative bandwidth of the spectrum; and

2. the degree of regularity in fold arc length, which can be measured
by the dispersion (standard deviation/mean) of the frequency dis-
tribution, varies smoothly with the relative bandwidth of the
amplitude spectrum.

These empirical relations can be used to estimate two properties of
the low limb-dip amplitude spectrum — the relative bandwidth and the
wavelength of the component whose limb-dip is maximum — from two
properties of the observed frequency distribution of fold arc length —
the mean and the dispersion.

To link observation, which provides estimates of properties of the
low limb-dip amplitude spectrum, and theory, which provides model
amplitude spectra, we need to determine or estimate an initial amplitude
spectrum. (Amplitude equals initial amplitude times amplification.) In
the absence of data on the initial shapes of folded layers, we choose an
initial amplitude spectrum corresponding to uniform initial limb-dip.
It can then be shown that the component in the final amplitude spectrum
with the maximum limb-dip is also the component that has received the
maximum amplification. Together with the result (1), this confirms
Sherwin and Chapple’s (1968) assumption.

SIMULATION OF FOLD TRAINS

The fold train profile—Available folding theory cannot deal with
non-cylindrical folds, and we consider only the folding of a layer whose
shape is cylindrical. We can think of the fold train profile as a single
curve corresponding either to the mid-line of the layer cross section or to
the average of its upper and lower surfaces. Irregularities in the profile
at a scale smaller than the layer thickness are not important in the folding
process and can be ignored. The fold train profile will, therefore, be
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imagined to be smooth below a scale of about 1/10 the typical fold arc
length, corresponding to natural folds with typical fold arc length/
thickness ratios of ten or less.

During the early stage of folding, the layer takes on the more-or-
less regular shape that we associate with a fold train. Given an initial
layer shape, the folding theory applicable at low limb-dip permits us to
follow the evolution of the layer shape to the point where the selection
process breaks down. We consider fold train profiles established at
this point.

The model amplitude spectra—In principle, it would be possible
to generate a low limb-dip amplitude spectrum from a theoretically
derived amplification spectrum and a given initial amplitude spectrum.
We by-pass this procedure and use amplitude spectra of simple analytical
form. We were concerned with the adequacy of our simulation procedures
and wished to deal with spectra with an uniform form but different rela-
tive bandwidths. The results of the simulation are not likely to depend
strongly on the details of the spectrum shape. The present amplitude
spectra are skewed toward longer wavelength as is typical of theoretical
amplification spectra (Sherwin and Chapple, 1968; Fletcher, 1974).

The amplitude spectra used have the form

A(k) = exp [(In k/In k’)2In (0.5)], (1)

where k is wavenumber, and k’ is a wavenumber related to the relative
bandwidth. Spectrum (1) has the symmetry property

A(1/k) = A(K); @)

it is skewed toward smaller values of k and also smaller values of
wavelength, L. = 27/k. Since we are not concerned with the absolute
amplitude, nor with the absolute values of wavelengths, (1) is a normal-

ized spectrum with maximum amplitude 1 at wavelength L, = 27 or
wavenumber k, = 1. From (1)
Ak = A(1/k") = 0.5 (3)

so that the relative bandwidth of the spectrum (Biot, 1961), taking
k<1, is
B = (1/k-k')/k, = 1/k’™-k’. 4)
Simulation procedure—Fold train segments of arbitrary length
10077, or fifty times wavelength L, were generated as a set of discrete
coordinates (x;, z;) equally spaced in the horizontal coordinate x, using
the finite Fourier series

N
2(x) = E Ay (ky)cos(k,x + ¢y) (5)

n=1
The ¢, are a random set of phase angles drawn from a population that
is uniformly distributed in the interval (0, 27). This choice implies an
initial irregularity that is uniformly distributed in amplitude along the
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layer, rather than local bumps spaced at a scale much greater than the
preferred wavelength (see Biot, Odé¢, and Roever, 1961; Cobbold, 1975).
(The present model does not apply to the case of folding that “propagates”
from such large localized irregularities. This aspect has not been investi-
gated.) The k, were chosen to be spaced equally in In k, and the N values
chosen were equally partitioned on either side of value k,. Thus, the
wavelengths do not have an harmonic relationship to each other as they
would if k, were equally spaced in k. This means that no periodicity will
be presented in a fold train segment of length S, even though the largest
wavelength used is significantly less than S. If L, is supposed to be about
ten times the layer thickness, which seems to be appropriate for many
natural single-layer folds, the restriction k, < 10 guarantees a realistic
degree of smoothness. Consistent with this, the spacing between points
on the profile need not be less than about Ax = L,/10 = 7r/5. We chose
Ax = 77/10 in the present simulations. Our interest here is in the spacing
of the fold hinges. We do not expect a long segment of layer to survive
the folding process without developing fold hinges. Thus, we can set the
restriction k, 2 0.2, eliminating wavelengths larger than 5 L, In the
simulations we summed components with wavenumbers between 0.1 and
10 unless the amplitudes fell to very small values in this range. In this
case, we truncated the spectra at wavenumbers such that the minimum
amplitude was about 0.01 to 0.05.

Fold arc length.—The fold hinges in the low limb-dip fold train lie at
the local minima and maxima along the fold train profile. In the large-
amplitude fold train the distance between these are preserved as the arc
distances between successive hinges.

The fold arc-length L is here defined as twice the distance (measured
in units of layer thickness) between successive fold hinges (see Hudleston,
1973a,b). In a population of folds, L will have a frequency distribution
f(L). We might anticipate that the distribution of L will have a single
well-defined maximum, and measured distributions (Sherwin and Chap-
ple, 1968; Hudleston, 1973a) bear this out. A measure of the regularity
of folding is given by the dispersion of f(L),

8 = o/L, (6)

where o is the standard deviation of f(L), and L is the mean value of
L. Sherwin and Chapple (1968) have measured average fold arc-lengths
for short segments of fold trains. This quantity is computed by dividing
the total arc-length between the first and last hinges in the segment by
the number of folds, or, if N is the number of hinges, by (N-1)/2. Each
value obtained was incorporated into a frequency distribution weighted
by the number of folds in the segment. The frequency distribution of
this quantity will have a much smaller dispersion than the corresponding
frequency distribution of L, but it will have the same mean. Hudleston
(1973a,b) gives several frequency distributions of L.

Examples of simulated and real fold train segments—Examples of
portions of simulated fold train segments are shown in figure 2. Since
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these are intended to represent low amplitude folds with limb dips of
10° to 15°, the vertical scale is exaggerated by a factor of at least 5. The
vertical exaggeration brings out the positions of the hinges. For compari-
son, large amplitude natural folds selected from those studied by Sherwin
and Chapple (1968) are shown in figure 1. Ignoring differences in fold
morphology one can visually roughly match the natural fold train seg-
ments and the simulated folds in terms of the degree of regularity. The
natural fold segments would appear to have a degree of regularity greater
than that of the simulation for 8 = 1.5 but less than that for the simula-
tion 8 = 0.58.

In figure 2, some less prominent extrema are present. Should we
select only prominent extrema as fold hinges? In figure 1, features corre-
sponding to poorly developed hinges are likewise present. Since such
features are present in the natural folds, we might conclude that the less
prominent extrema are preserved as well in the finite-amplitude folding
process. We therefore designated all extrema as fold hinges.

Frequency distributions of L.—Values of L were determined from
the simulations by taking the differences in the x-coordinates of successive
extrema. Their locations were determined more precisely than the incre-
ment Ax by interpolation. The distributions of L are given in the form
of histograms with intervals of width 0.1 centered at values 0.05 L,, 0.15
L, 0.25 L, et cetera.

Figure 3 gives some indication of the variation among histograms
obtained for each of 10 simulations of length 50 L,. The shaded bars are
bounded vertically by the greatest and least number of values of L falling
in each interval. No individual histograms are shown here: the upper or
lower envelopes are not themselves histograms. Figure 4 shows the cumu-
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Fig. 2. Simulated fold-train scgments for different amplitude spectrum band-
widths, 8.
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Fig. 3. Ranges of frequency distribution in fold arc-length measured from simula-

ted fold train profiles.
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Fig. 4. Comparison of frequency distributions of fold arc length and amplitude
spectra used to synthesize fold train profiles. The number labelling each pair is the
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lative histograms for 10 and sometimes more simulations of length 50 L,
recast in terms of frequency. The amplitude spectra, normalized so that
the maxima value is numerically equal to the maximum frequency, are
superposed, using the same numerical scales for L and L. The light verti-
cal lines are at the values L,,.

It can be seen immediately from figure 4 that the most frequent
value of L is always smaller than L, and that the difference increases as
the bandwidth of the spectrum increases.

Empirical relationships between arc-length frequency distribution
and amplitude spectra.—The most frequent value of L is relatively poorly
determined by the data. A better value, more precisely located than the
histogram interval, might be computed by a smoothing or interpolation
procedure. In any case, this value has no particular significance. Thus,
we prefer to consider the better determined global property, L.

Values of the ratio L/L, and 8 determined in the simulations are
plotted against each other in figure 5. Each solid circle represents a pair
of values for a single simulation of length 50 L. The scatter indicates the
reliability of an estimate of these parameters from a sample of this size,
which might be typical of the size of a set of field observations dictated
by the availability of material. [Only two of Sherwin and Chapple’s
(1968) fold populations are larger than this.] The open circles are aver-
ages for five or, in most cases, ten such simulations. The smooth curve
shown is well determined by these data; the curve is a free-hand fit.

Thus, if the present simulation realistically models natural fold
trains, the value of dispersion 8 may be used to assign a value to ratio
L/L,. Likewise, the plot of relative bandwidth of the spectrum versus the
dispersion (fig. 6) may be used to determine the relative bandwidth 8 of
the low limb-dip amplitude spectrum.

L as an estimate for the wavelength of the component with maxi-
mum limb-dip.—Amplitude per se does not, in fact, play a very signifi-
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Fig. 5. Ratio of mean fold arc length to preferred wavelength T/Lp versus the
dispersion of the frequency distribution, 8.
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cant role in describing the layer shape insofar as the delineation of folds
is concerned. To see this, imagine that the shape is formed by a super-
position of only two sinusoidal components, one with a wavelength
much longer than the other, but both with the same amplitude. What
we will see is a train of folds with arc-lengths approximately equal to the
smaller wavelength. The longer wavelength form will not contribute
significantly to the spacing of the maxima in curvature and will con-
tribute merely a gentle undulation to the fold train.

This suggests that limb-dip, rather than amplitude, is the more
important property of a component in the profile shape. The comparison
of L with L, may therefore obscure a simpler relation. The spectrum of
limb-dip 6, or alternatively of the tangent of the limb-dip, is obtained by
multiplying the amplitude times the wavenumber

tan 6 = kA(k). (7)

The maximum of this spectrum must always lie at a larger value of k
than the maximum of the amplitude spectrum or at a smaller value of
the wavelength. Let Lo be the wavelength of the component with the
maximum limb-dip. The values of L, for the spectra used in the syn-
thesis are compared with the corresponding values of L in figure 7.
The approximation

Loy=L (8)

fits the data reasonably well, although L is always somewhat smaller than
Ls. On the basis of the present work, it is not possible to say whether
some or all of the deviation from (8) can be ascribed to the simulation
procedure. It would be safer to treat (8) as a reasonably good empirical
relation for the interpretation of frequency distribution data from na-
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Fig. 6. Dispersion of the frequency distribution of fold arc length versus the
relative bandwidth of the amplitude spectrum, g.
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tural fold populations rather than as a statement of some underlying
necessary relation between these quantities.

DISCUSSION

Initial amplitude spectrum.—The interpretation of fold arc-length
data from natural fold populations involves two steps. We have shown
how the frequency distribution of arc lengths can be related to the low
limb-dip amplitude spectrum. The amplitude spectrum, in turn, is rela-
ted to theory through the amplification spectrum, but the relation de-
pends upon the initial amplitude spectrum. The initial amplitude
spectrum can be determined only by measurement of surfaces of unfolded
layers. We can, however, make a fair guess as to its probable form.

When we choose an initial amplitude spectrum, we also fix the vari-
ation of the initial limb-dip of a wavelength component. The choice of
an uniform initial amplitude spectrum A(k,0) = A, has the merit of
simplicity, but it leads to an initial limb-dip that increases with decreasing
wavelength. An equally simple choice for the initial amplitude spectrum
is one for which the initial limb-dip is uniform. From (7), this is

A(k,0) = tanf,/k, 9)

where 6, is the initial limb-dip. The amplitude increases with increasing
wavelength. Nine is called a “white roughness” spectrum (Kamb, 1970).
The roughness at a given wavelength is measured by the slope, tan 6,
which in this case in independent of wavelength. This means that at
whatever length scale — that is, “magnification” — we look at the sur-
face, its appearance will be the same. A surface corresponding to a flat
amplitude spectrum looks rougher as the magnification is increased.
Some evidence exists that favors the choice of a white roughness
spectrum, in that the spectra of a variety of three-dimensional surfaces

1.0 T T T a T T T T
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Fig. 7. Comparison of the mean fold arc length (Ij) and the wavelength (L) of the
component with maximum limb dip.
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have approximately this form. These surfaces include: terrain at Mare
Cogitum, the Bonito lava flow, Arizona, a grass airport runway, and a
vehicle test course, all cited in Jaeger and Schuring (1966); profiles
through abyssal hills topography and the Earth’s topography (Bell, 1975);
and glacially abraded surfaces (Bernard Hallet, personal commun., 1976).

Another argument in favor of the choice of a white roughness spec-
trum is given in Kamb (1970). In the absence of any data, we wish to
choose the spectrum that will introduce the least bias into the results. If
the limb-dip of the components is the significant property, then we should
choose a white roughness spectrum rather than a spectrum corresponding
to uniform amplitude. Both spectra are equally simple in form, of course.

L as an estimate for the wavelength of the most-amplified com-
ponent—If the initial amplitude spectrum corresponds to uniform limb-
dip, the spectrum of tan  is

tan @ = k A = k A(k,0)A(k) = k(tanf,/k)A = tanf,A,  (11)

where A is the amplification spectrum. The wavelength for which the
limb-dip is a maximum therefore is the same as that for which the ampli-
fication is a maximum, L.y,

LG = Lmuxr (12)

and from (8),
L = Ly (13)

Thus, relation (13), upon which all previous interpretations of fold arc
length have been based, is a valid approximation provided the initial
amplitude spectrum corresponds to uniform limb-dip. In contrast, if the
initial amplitude spectrum corresponds to uniform amplitude, the max-
imum of the amplitude spectrum will coincide with that of the amplifi-
cation spectrum, or

Lp = Lmﬂx‘ (14)

The relationship between L, and L is then that given in figure 5.
L will generally be less than Ly, by 20 to 30 percent.

A relation between dispersion and maximum amplification.—The
dispersion of the frequency distribution of fold arc-length & can be used
to estimate the relative bandwidth of amplitude spectrum fB. If the initial
amplitude spectrum corresponds to uniform initial limb-dip, we have

A(k) ~ k A(k). (15)
This relation suggests that we can estimate in turn the relative band-
width of the amplification spectrum from that of the amplitude spectrum.
Theory then supplies a relationship between the relative bandwidth of
the amplification spectrum and the maximum amplification (Biot, 1961).
As a final result, we should be able to estimate the maximum amplifica-
tion from the dispersion.

Here we use the analytical form of amplitude spectrum (1) to find
the relative bandwidth of amplification spectrum (15). The values of
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wavenumbers k* and k** at which A is equal to one-half its maximum
value are given by

In k* = [1=(In K’)/(In 0.5)]In K/, In k** = [-1-(In k’)/ (In 0.5)] In K’ (16)

The amplification spectrum is a maximum at k,*, where

In k,* = —(1/2) (In k’)/(In 0.5) 17)
the relative bandwidth of the amplification spectrum is then
B* = (k**=k*)/k,* (18)

The relation between 8* and B established by (4) and (17) is used with
relation 8 = §(B) (fig. 6), to establish the relation between & and B*
shown in figure 8.

In the approximate analysis given by Biot (1961), the maximum
amplification is uniquely determined by the relative bandwidth of the
amplification spectrum, independent of the rheological parameters. Use
of exact results (Fletcher, 1974) shows a significant dependence on rheo-
logical parameters (fig. 9). A major part of this dependence is due to the
fact that the exact result includes the effect of the non-selective kinematic
amplification, while the approximation does not. As a consequence,
higher total amplification is required to obtain the selective amplification
that leads to bandwidth reduction. Also, the curves of amplification
versus bandwidth are shifted upward by an amount that depends on the
ratio of selective amplification to kinematic amplification for given rheo-
logical parameters. A consequence of this is that the minimum rela-
tive bandwidth attained when the folding instability is weak can be
quite large.

Hudleston (1973b) reports a set of data for ptygmatic folds for which
the mean is L = 8.7, and the dispersion is § = 0.40. From the empirical
relations, this implies a value 8 = 1.21 for the amplitude spectrum and
a value B* = 1.54 for the amplification spectrum. The Biot approximation
yields a maximum amplification of 2. If the layer behaved like a linear

o | | | |
Q.1 0.2 s 03 04

Fig. 8. Corrclation of g* with §.
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viscous fluid, the maximum amplification would range from about 7 for
a viscosity ratio of 1/100 to about 50 for a viscosity ratio of 0.08. If the
layer behaved like a power-law fluid with exponent n = 3, the maximum
amplification would be about 7. Hudleston (1973) suggests amplification
values of between 8 and 30.

For the largest fold population studied by Sherwin and Chapple
(1968), the mean fold arc length is L = 6.1, and the dispersion is 8" = 0.33.
We write 8" for the dispersion here because Sherwin and Chapple con-
sider a different fold arc length, the mean value over a fold-train segment,
which enters their frequency distribution weighted by the number of
folds in the segment. The dispersion of this quantity should be much
smaller than the dispersion for the fold arc length considered here. An
interpretation of 8’ in terms of maximum amplification cannot be made
on the basis of available information. The dispersion, &', obtained, how-
ever, is surprisingly large, since we would expect 6 2 28" at least. The
probable reason is that the frequency distributions obtained in the pres-
ent numerical simulations are free of any contribution to the dispersion
from precision and reproducibility of measurement, which in the obser-
vation of natural folds includes both measurements of fold arc length
and layer thickness. Without the evaluation of this contribution to the
dispersion estimates of amplification, use of the present results will
yield only minimum values.
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