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ABSTRACT. A model for prediction of the growth of monomineralic zones in one-
dimensional metasomatic columns resulting from intergranular diffusion was developed.
A theoretical formulation based on Fick’s laws of diffusion and the local equilibrium
principle can be used to calculate the sequence and thicknesses of reaction zones. The
loss or production of solid phases within the monomineralic reaction zones and at the
zone boundaries is related to gradients in the concentrations of the aqueous specics.
The total zone growth rate, however, is independent of concentration gradients and
depends only on the solution concentrations at zone boundaries. A set of n simultan-
eous differential equations of the following form is employed for total zone growth
rates:

n
dL;/dt = 2 Ry/Ly
K=1

where L; is the thickness of the jth zone and t the time. The term Ry, = 0 when
k <j—1lork>j+ 1. The values of Ry, arc functions of diffusion potentials, porosity,
and tortuosity. Diffusion potentials (¢,) are defined as

n
D1 (Ciy Cay v vy C) = f E Dy V cudx

h=1

where c¢;, Dy, and x represent the concentration, the diffusion coefficient, and the
space coordinate. Mathematical modecls utilizing this variable can be used in cases
when the diffusion coefficients vary with solution concentrations. Provision for changes
in the volume of solids and porosity makes the model applicable to systems involving
increases or reductions in total rock volume. Calculations have been made for meta-
somatic zone sequences for rocks related to the system MgO-SiO,-H,O-HCI.

INTRODUCTION

With the exception of volatiles such as CO, and H,O, changes in
most metamorphic bodies are considered to be isochemical, resulting
mainly from variations in temperature and pressure. There is much evi-
dence, however, that chemical potential gradients do exist in many such
rock bodies. Carmichael (1969), Eugster (1970), and Fisher (1970) have
shown that microscopic gradients often exist between neighboring min-
erals or mineral groups owing to temperature- and pressure-induced re-
actions among the solid phases. Megascopic gradients are illustrated by
skarn deposits due to the emplacement of igneous intrusions and by
variations in original sediment bulk composition. The extent to which
the paragenesis of a rock is determined by the existence of chemical
potential gradients depends upon the rates of change in temperature and
pressure as opposed to the magnitude of material flux. In cases of rapid
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change in temperature and pressure coupled with slow transport of ma-
terial along gradients, bulk compositions remain relatively constant, and
mass transport plays very little role in the rock’s metamorphic evolution.
With higher relative rates of material transport, however, the history of
the rock body is often dependent on the mechanism of transfer of matter.

In recent years, a great deal of interest has focused on different types
of transport models and their use in predicting the paths by which rock
systems containing chemical potential gradients approach quasi-static
equilibrium. Much of this effort has been concentrated on dissolution
kinetics in which the rate of dissolution of a solid in an aqueous fluid
is often dependent on diffusion of material through incongruent reaction
rims. Wollast (1967) experimentally studied the alteration of potassic
feldspars and found the dissolution rate to be controlled by diffusion of
H,Si0, through a leached residual layer of AI(OH), and subsequent re-
action of these substances to form a hydrated aluminum silicate. Helgeson
(1971) used a thermochemical approach to predict dissolution reaction
paths based on diffusional transport of material from the reactant mineral
through a surface layer of intermediate reaction products as the rate-
limiting step. Luce, Bartlett, and Parks (1972) developed a diffusion
model for the dissolution of magnesium-silicate minerals which explains
their experimentally observed short-term incongruency and long-term
near congruency. In the studies, communication between the fluid phase
and the core has been shown by O’Neil and Taylor (1967) to result from
diffusion along aqueous grain boundary films within a polycrystalline
reaction rim rather than from volume diffusion. These incoherent sur-
faces result from structural and molar volume differences between the
core and rim.

The mineral dissolution mechanism is but one step in metasomatic
processes occurring under metamorphic conditions. Rather than a large
mass of homogeneous fluid, the grains are probably surrounded by a
thin grain-boundary film which serves as the agent for intergranular
transport. Recently several models have been developed to describe ma-
terial transfer through these intergranular films. Two general mechan-
isms have been proposed: (1) diffusion through a stationary pore fluid
and (2) convective transport due to motion of the pore fluid relative to
the solid framework (infiltration). Korzhinskii (1970) derived transport
equations for both models using them to analyze qualitatively resulting
metasomatic zones. Hofmann (1972) applied the infiltration model to the
alteration of feldspars using the theoretical treatment of liquid chroma-
tography. Frantz and Weisbrod (1974) calculated the sequences and thick-
nesses of the metasomatic reaction zones resulting from infiltration within
the K,0-Al,0,-8i0,-H,0-HCI system. Fletcher and Hofmann (1974)
developed equations useful in treating transport of one component in-
volving both diffusion and infiltration. Fisher (1973, 1975) applied the
formulation of irreversible thermodynamics to the investigation of meta-
morphic reaction textures resulting from intergranular diffusion. This ap-
proach utilizes relative chemical potential gradients rather than the concen-
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tration gradients and assumes linear chemical potential gradients. Weare,
Stephens, and Eugster (this issue, p. 767-816) have studied the hydrol-
ysis of feldspars using a model similar to the one presented in this paper.

Essential for the understanding of natural transport processes occur-
ring by intergranular diffusion in multicomponent systems is the develop-
ment of a model by which the sequence and thicknesses of natural bi-
metosomatic reaction zones can be predicted quantitatively using data
from laboratory experiments. With the present growing interest in the
experimental determination of mineral-solution equilibria, it is now
possible to calculate accurately concentration gradients within many
rock systems under metamorphic conditions. Solutions of the diffusion
equations, however, require knowledge of porosity, tortuosity, and dif-
fusion coeflicients, in addition to concentration gradients. The present
approach is to develop a general model for calculating zone thicknesses
utilizing all these parameters and then to make quantitative calculations
based on the concentration gradient data available. Mineral surface effects
will be neglected. (The applicability of these calculations to natural sys-
tems would then depend on the relative importance of concentration
gradients over (1) differences in the diffusion coefficients of the aqueous
species, and (2) changes in porosity and tortuosity.)

An extremely helpful assumption in any theoretical treatment of
transport processes is the “local equilibrium” hypothesis (Korzhinskii,
1959; Thompson, 1959). This principle states that certain large systems
not in equilibrium owing to gradients in intensive parameters can be
approximated by a series of small subsystems, each of which is treated as
an equilibrium system. Using this hypothesis, Thompson (1959) demon-
strated that in metasomatic reaction sequences at constant temperature
and pressure, the number of mineral phases within a zone coexisting with
an intergranular fluid is two or more less than the number of components.
For three-component systems involving two diffusing solutes and H,O,
only one mineral phase can coexist with the fluid.

Because one of the purposes of this model is to predict the relative
thicknesses of zones, changes in rock volume due to mineral replacement
must be considered. Intergranular transport in isochroic systems in which
local equilibrium exists is likely only if reactions involve reduction in
solid volumes or if sufficient porosity exists to accommodate any solid-
volume increases (Frantz and Weisbrod, 1974). In isobaric systems in-
volving solid volume increases not compensated by porosity, the rocks
must expand if reaction is to occur. The foregoing model accommodates
both solid-volume and porosity changes, making it applicable to systems
involving increases or reductions of total rock volume.

In the theoretical portion of this paper, the differential equations
expressing one-dimensional rates of expansion of reaction zones will be
developed for monomineralic reaction columns resulting from diffusion.
In the following sections, these equations are applied toward the quanti-
tative prediction of reaction-zone thicknesses resulting from metasomatic
alteration in the system MgO-SiO,—H,O-HCL
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THEORY

TABLE 1
Summary of symbols

A, The component i.
By The growth rate of zone j at boundary x;.
zone j

Din The diffusion coefficient of species i with respect to the gradient of h.

I, The internal growth rate of zone j.

i The number of moles of aqueous species i transferred through the pores of
unit area cross section of rock per unit time.

K, Solubility constants for mineral in jth zone.

L, The thickness of zone j.

M, The number of moles of species i in the fluid per unit volume of rock.

N, The number of moles of solid j in zone j.

\2 The molar volume of the solid in zone j.

aiy The stoichiometric coefficient of the component i in the mineral of the jth
zone.

Cu The molality of species h in the fluid.

m, The number of moles of species i in the fluid gained from reaction with the

solid per unit volume of the rock per unit time.
M,y 4 ,* The number of moles of species i in the fluid gained from reaction with solids
at the zone boundary x;,; per unit area per unit time.
n; The number of moles of the solid in thec jth zone formed from reaction with
the fluid per unit volume of the rock per unit time.
Ny * The number of moles of the solid in the jth zone formed from reaction at
zone j the zone boundary x; per unit area per unit time.

X The space coordinate normal to the zone boundaries.

Xy The position of the jth boundary.

B The porosity.

[ The diffusion potential of species i times the porosity and tortuosity.

&b, The diffusion potential of species i.

T The tortuosity.

Usjy g The reaction coefficients of the solid phases in zone j at boundary j-1.
zone j

Fick’s first law is a hypothesis stating that “the rate of transfer of a
diffusing substance through unit area of a section is proportional to the
concentration gradient measured normal to the section” (Crank, 1970).
Considering diffusion through a static pore fluid in a rock:

n
Ji = 2 BDin (9¢,/0%)¢ M
h=1
where J; is the rate of transfer of aqueous species i through the pores of
unit cross section of rock, c, is the concentration of species h in the
fluid, x is the space coordinate measured normal to the section, r the
tortuosity factor, 8 the porosity, and D;, the diffusion coefficient.
Assuming the porosity and tortuosity to be uniform and assuming
the diffusion coefficient to be only a function of the concentrations of
the solution species, the following function is defined:

n

B (CoCor - C) = f S Duoe/ox)dx @
h=1
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where @; will be called the “diffusion potential”’. Combining equations
(1) and (2), defining @;; = Bjr;b;, yields Fick’s first law in terms of the
diffusion potential:

Ji=—(9¢1;/0%): ©)

By combining Fick’s laws of diffusion with the Law of Conservation
of Mass, one can calculate the rate at which an aqueous species is lost
or gained, with respect to time, in a small fixed volume of a mineral zone
or at a boundary between two such zones. If one assumes steady-state
diffusion profiles for the aqueous solutes within mineral zones, any gain
or loss of material from the fluid is due to reaction with the solid phase
or phases.

Within a metasomatic column produced by multicomponent inter-
granular diffusion of aqueous solutes under conditions of local equi-
librium, production of solid material occurs both at the zone boundaries
and within the monomineralic reaction zones. Consider, for example, a
bimetasomatic column formed by diffusion of two aqueous species (i,h).
The steady-state concentration profiles are schematically represented in
figure 1. In the simplest case when B7D;; equals unity and Dy; equals
zero, the diffusion potential ¢; equals c;, and the figure can be thought
as a profile of ¢. The discontinuities of the gradients at x; and x;, indi-
cate growth or loss of the solid phase at the zone boundaries. Concave-
down discontinuities of ¢; indicate loss of the aqueous species from the
fluid to form the solids; convex-up discontinuities indicate a gain of
aqueous species by dissolving the solids. The curvature of ¢ within the

Zone | Zone 2 Zone 3

Concentration of aqueous species

Fig. 1. Plot of the concentrations of aqueous species i and h as functions of x.
The areas j—I, j, j+1 refer to monomineralic reaction zones which are separated by
zone boundaries x; and x;,;. The dashed curves are metastable extensions.



822 John D. Frantz and H. K. Mao

zones indicates internal production or dissolution of the solid phase.
Again a concave-down curvature indicates production; a convex-up cur-
vature, dissolutions; and a straight line, neither production nor dissolu-
tion of the solids. The internal production can be explained by con-
sidering a ternary mole-fraction diagram (fig. 2). The mixing of two
fluids of different compositions, both in equilibrium with a common
phase, causes additional precipitation of the common solid. Consider the
effect of a one-to-one mixture of solutions p and q which are both in
equilibrium with phase C. This effect has long been known by solution
chemists as the “salting-out” effect (Garrels and Christ, 1965). Unless
sufficient porosity exists, internal production requires the zone to ex-
pand. Such increases in rock volume must occur in a manner analogous
to increases at zone boundaries. As will be secen in a later section, the
expansion within zones may be partially or entirely offset by rock volume
decreases at the zone boundaries.

In the following sections, the loss or production of the solid phases
within the monomineralic reaction zones and at the zone boundaries can

Xp

Fig. 2. Mole fraction diagram for system a-bh-H,O containing solid phases A, B,
and C.
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be related to changes in the diffusion potentials of the aqueous species.
Resulting from this will be a model suitable for calculating changes in
monomineralic reaction zone widths occurring in bimetasomatic one-
dimensional columns.

Internal production within zones.—Consider a small volume whose
position is fixed irrespective of movements of the rock or intergranular
fluid. The Law of Conservation of Mass for the fluid portion of this
small volume can be expressed as follows (Katchalsky and Curran, 1967):

(9]/9%)e = —(0M;/dt) + m, 4)

where M, is the number of moles of species i in the fluid per unit volume
of the rock; m; is the number of moles of species i in the fluid lost or
gained due to reaction per unit volume of rock per unit time at constant
x (m; will be considered positive for moles gained in the fluid by dis-
solving the solid).

Within this small volume, the number of moles of species i in the
fluid per unit volume can be expressed as:

M; = B¢ ()

where ¢; is the molarity of aqueous species i. Differentiating equation
(8) with respect to x and equation (5) with respect to time and substitu-
ting both into equation (4):

—(0%¢s3/9%%)¢ = —(C;/dt)x + M, (6)

In a rock of low porosity saturated with a fluid of low concentration,
the total amount of a component dissolved in the fluid is negligible in
comparison with the total amount of the component in the solid. When
the component is transported, the amount required to adjust the concen-
tration of the fluid is also negligible in comparison with the amount
required to produce the new solid. Therefore, within the time scale of
the growth of the solid, the adjustment of the concentration of the fluid
to steady state is almost instantly achieved, and the concentration pro-
files of aqueous species within any zone can be described by a steady-
state model. Thus:

B(9c:/9t)x = 0 (™

and equation (6) becomes

(02¢ij/0x%)y = —my (8)

where the subscript j indicates the function ¢; in the jth zone.

The loss of aqueous species i from the fluid phase m; occurs owing
to reactions with solids and with other aqueous species. Consider re-
actions between aqueous species and the solid phase within the mono-
mineralic zone:

[(Ax)ag; (Ao)ag; -+ ] (soria) = A1jAsaq) T 225A2(aq) T - - - )
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where A,, A,, . . . represent components of solid phase; A, q), Az(aq)s - - -
represent components of aqueous species; and a;; are the stoichiometric
coefficients of these components in the mineral of the jth zone. Letting
n; equal the gain in moles of solid phase j per unit volume per unit
time due to reaction at x, the following mass balance expression between
solid and fluid is obtained:

ayn; + m; =0 (10)
Substituting equation (8) into (10) and rearranging:
n; = (1/a;;)(9%¢1;/0x%)¢ (11)

which describes the rate of production of solid phase j per unit rock
volume due to diffusion of aqueous species i within the intergranular
fluid phase.

Integration of equation (11) with respect to x leads to an expres-
sion describing changes in the amount of the solid phase per unit area
within the entire zone as a function of time. Letting x; and x;,, denote
the positions of the two boundaries of the jth reaction zone:

Xjt1
L =Y; f nydx = (V;/ay) [ (9¢b1s/0X)xj 41 — (0p13/0%)x; :l (12)

X

where V; is the molar volume of solid j (porosity has been neglected) and
I; is the rate of thickness change due to internal precipitation. Thus,
one can calculate the internal production within a monomineralic re-
action zone by knowing the concentration gradients of any one aqueous
species at both zone boundaries.

Production or loss at zone boundaries—Concentration gradients of
the fluid phase at zone boundaries are discontinuous (fig. 1), and thus we
must consider conservation of mass across a plane normal to the flow
direction. In this case, the following conservation equation can be

written:
AJin+1 = min+1* (13)

where AJ; is the difference between the total fluxes on the two sides of
the phase boundary; My, +1 " is the number of moles of species i lost or
gained at the boundary x;., per unit area per unit time due to reaction.
Substituting equation (3) into (13):

(a¢ij/aX)Xj+1 - (a¢i.j+l/ax)xj’+1 = mixj+1% <l4)

As in the case of internal production, the loss or gain of aqueous
species i from the fluid phase occurs owing to reaction with solids and
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other aqueous species. Consider the following reaction occurring at the
j+1 zone boundary:

Uxjpq (Al)al’j (Az)ﬂz,j e + gy (Al)al,j+1 (Az)az’j+1 e
zone j solid zone j+1 solid
P
A, [ Umr A T oy 2i5+1 (15)
1 zone j zone j+1
= aqueous

where vy, and vy, , are the reaction coeflicients of the solid phases
zone j zone j+1
in zones j and j+1 at boundary x;,,. Considering production or loss due
to reaction at the zone boundary with respect to time, one can write
expressions relating the gain or loss of phase j to changes in fluid com-
position (per unit area):
(”Xj+1 a5 T vy 21541 >nxj'+1* +ovsgp, My, * = 0 (16)

zone j zone j+1 zone j zone j

*

where Dy,
zone j
per unit area per unit time at zone boundary x;,,. One can write such
equations for each zone (one for each aqueous species). Substituting equa-

tion (14) into (16) and eliminating vy, , and vy, , between two such ex-
zone j zone j

pressions, one gets relations of the following form:
— V.
B( - = Vin * — J ) a; ; I: a¢ /ax —
Xj+1 X4 _ Li+1 hj Xj41
zone § sone § Q352,541 — A5 L

< Opu,541/0X > :I— ah,5+1|:< Ipsj/ 0% > 41 < 3¢i,j+1/5x> ] (17)
Xj+1 Xj+1

is the rate of growth

equals the rate at which moles of solid phase j+1 gained

where i and h are any two aqueous species and By
of zone j at boundary j+1.

Similarly, the growth or loss of phase j at boundary x is given by the
relation:
B =V

V.
“ ne* = — J ag;5_ Obn;/0X ) 5 —
‘Z(J)nej ! ;gnej < aijahvj_l - al'jai,j_l >< T I:( (I)hJ/ > !
(a¢h,j-—1/ax> ] — ap,j—1 l:< d¢piz/ 0% > xj — < aﬁbi,j—l/ax) :I (18)
Xj Xj

We thus have the two equations describing production or loss of
solid j at the two zone boundaries of zone j owing to diffusion of aqueous
species i and h.

Total zone growth.—The rate of change of moles of solid j in zone j
is the sum of the rates of loss or production at the boundaries and the
rate of internal growth:

j+1
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Ej:dLj/dt:ij + I+ By, (19)

zone j zone j

where L; = x;,, — X; is the thickness of the jth zone.

Referring to equations (12), (17), and (18), one can see that rates of
change of zone thicknesses are functions of diffusion potential gradients
at the zone boundaries. When steady-state diffusion is assumed, the dif-
fusion potential gradients of different aqueous species can be related to
each other. Consider equation (11) relating production of solid phase j
to the second derivatives of the aqueous concentrations at components i
and h:

1

ny=— L (0%¢i3/0%%)y = — ) (0°hns/0X°)s (20)

ij hj

Integrating the second equality:

Anj(9¢pss/0X)¢ — A15(Ieps/ %)t = (@13Ads; — AAug)/ Ly (1)
where

Adi; = (Pii)xjer — (Piss

Solving equations (12), (17), (18), (19), and (21), the rate of total zone
growth can be reduced to an expression involving only stoichiometric
coefficients, molar volumes, and zone boundary diffusion potentials

dL;/dt = — (5;A¢u,5—1 + SoAdij—1)/Ly_a
+ [(S1 + S5)Ady; + (S: + Si)Ads] /Ly
— (SsAdnjr1 + SiAdi 1)/ Liya (22)

where S,, S,, S;, and S, are functions of the stoichiometric coefficients
and molar volume of the solid phase and are different for each zone.
Diffusion potential gradients (d¢/9x) at zone boundaries are not re-
quired, only values of the diffusion potentials (¢;;). Note that the rate
of zone growth is dependent on the thicknesses of neighboring zones as
well as its own width.

Equations (12), (17), and (18), necessary for the calculation of the
rates of internal production and boundary growth or loss, cannot be
simplified and do require knowledge of the diffusion potential gradients
at the zone boundaries. To define totally the diffusion potential profiles
of the aqueous species, a mass action equation of the following form must
be considered in addition to equations like (21):

n

a,. —
x =K (28)
i=1
1 Footnote
o= Viag, — — Vyay 5
51 — ' i , s2 = j4h,j-1 s
A,y —1dny T An,y-ay Ay, j-1dny T An,j-adyy
_ Via; _ — Vja,
Ss = jei,j+1 s S4 — i9h,j+1

A1jAn,y+1 7 Anjy, .1 A5jAn, 341 — Apjdi, e
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where K; is the solubility constant for the mineral in the jth zone. A
general solution for boundary diffusion potential gradients is given in
the appendix.

AN EXAMPLE: BIMETASOMATISM IN THE SYSTEM MgO-5i0,-H,0-HCI

As a demonstration of the use of the preceding theoretical model,
calculations have been made predicting the relative thicknesses of mono-
mineralic reaction zones occurring by intergranular diffusion in the
system MgO-SiO,—H,O-HCI. As previously stated, the present approach
is to base calculations on concentration gradient data making simplifying
assumptions concerning diffusion coefficients and porosities. Frantz and
Eugster (1973) and Frantz (1974) have determined solubility constants
for talc, serpentine, forsterite, and brucite in chloride solutions at 1000
bars between 400° and 700°C. Weill and Fyfe (1964) and Anderson and
Burnham (1965) have determined the solubility of quartz in the hydro-
thermal environment. Using these data and assuming a fixed total con-
centration of chloride in the fluid independent of x, one can calculate
solution concentration gradients within reaction-zone columns involving
magnesium-silicate minerals. The species MgCl,, H,SiO,, HCI, and H,O
are assumed to be the major species in the intergranular film. Only the
stoichiometric phases quartz, talc, serpentine, forsterite, and brucite will
be considered.

Assuming that there are no solid sinks or sources for chlorine, the
four-component system MgO-SiO,—H,O-HCI can be considered as ter-
nary with the total chlorine concentration being fixed. Internally pro-
duced infiltration due to the formation of hydrous solid phases will be
neglected. Because solution compositions are invariant at zone bound-
aries, the rate of change of n reaction-zone thicknesses can be expressed
by n equations of the following form:

dLy/de = Ry;0/Ljy + Ryy/Ly + Ryjpa/Lyp, (24)
where R;;_;, Ry ;4 are constants independent of the zone thicknesses (see
eq 22).

General analytical solutions.—General analytical solutions to the
above set of differential equations have the following boundary condi-
tions:

L=0att=0 j=1n (25)
Consider the growth of only one reaction zone such as the formation of
a talc layer between quartz and forsterite at temperatures above the

stability of serpentine. The rate of growth of the talc zone can be ex-
pressed by the following relation (simplified form of eq 24).

dL‘talc/dt = Rn/Ltalc (26)

The general solution of this ordinary differential equation is a parabolic
function of the form:

Lt:llc - (21{11': + C)1/2 (27>
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where C (the integration constant) must be evaluated according to the
initial reaction-zone thickness at t = 0. Equation (26) is, of course,
useful only in cases when measured diffusion coefficients, porosities, and
tortuosities are known and one wishes to calculate zone thickness as a
function of time.

General solutions for multizone metasomatic columns, however, are
much more complicated and normally not parabolic functions. The solu-
tion for a system of two reaction zones is shown in footnote 2. The com-
plexity increases tremendously with the number of reaction zones. For a
system with more than two reaction zones, general analytical solutions
are impractical. The problem is approached by obtaining particular
analytic solutions for special boundary conditions or by numerical
methods as shown in the following sections.

Particular analytic solutions—In many natural systems involving
isothermal diffusion, bimetasomatic columns develop from initial re-
action zones of zero width. Particular solutions of the differential equa-
tions (eq 24) having the following boundary conditions are, therefore,
most important:

IL;y=0att=0 j=1n

The particular solution for the thickness of the jth reaction zone in a
multizone column of n zones is the following parabolic function:

n 1/2

2 2 R,

k=1
L=\——> ¢! (28)
where R; is constant when k = j — 1, j, or j + 1, and is zero when k
assumes other values; r;, 1,, . . ., 1, are constants and satisfy the following
relationships:
n

2 (reRyx)

e, k=1

0 (n—1 relations) (29)
;, (xR 41,1)

Al

k=1

1‘]] = ]'

2 Footnote
(L +bLy)* ¢ (L + 'Ly ) Ruoy/Re
(L, + b'Ly)> U (L, + hLy)

RaRo L2 — 2R Rl L, + RyR L2 = 2(Ryy + R'z])(RuRﬂz — RyRp)t + ¢,

=

where:

(Rn - R]:) + \/ (R21 - Ru)2 -+ 4R,1R:.,_,
2R,

(Rn - Rm) - \/ (R:1 _ R]z)z + 4R11R22
2Ry,

b =
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Combining the equations of (28) and (29), the following relation is
apparent:
r,L,=rl,=...=L, (30)

which leads to the important conclusion that in ternary rock systems in
which bimetasomatic columns develop from initial reaction zones of
zero width by binary diffusion, the ratio of the thicknesses at any two
reaction zones is constant and independent of time.

If D;;, porosity, and tortuosity are assumed to be independent of
x and concentration and if values of D;,* (i = h) equal zero, the func-
tion describing the diffusion potential for any value of x is as follows:

¢ = D¢ (31)
where D; = D;ir8 = constant. Using these assumptions, rates of zone
growth in bimetasomatic columns in the system MgO-SiO,-H,O-HCl
have been calculated.

Consider a column consisting of talc and serpentine reaction zones
developing between rocks composed of quartz and forsterite at 1000 bars.
Solving equations (28) and (29), the zone growth rates and thickness ratios
were calculated at 380°, 400°, and 420°C (table 3). Diffusion coefficients
of MgCl,, H,SiO,, and HCI were varied, though Dy¢ was always made
equal to Dyye, in order that the total chloride concentration be kept
constant throughout the column. The boundary solution concentrations,
assuming total chloride concentration equal to 1 molal, are given in
table 2. The reaction zone widths (solid lines) at 400°C, assuming all
diffusion coeflicients equal to unity, are shown as functions of t/2 in
figure 3.

Next consider the hypothetical case of reaction between quartz (Q)
and brucite (B) yielding reaction zones composed of talc (T), serpentine
(S), and forsterite (F). Again, zone growth rates and zone width ratios
were calculated for different temperatures and diffusion coefficients at
1000 bars pressure (table 3). These growth rates are substantially different
from those in the quartz-talc-serpentine—forsterite column (fig. 3). In
figure 4, the concentration gradients at H,SiO, and MgCl, are plotted
against x for a Q|T|S|F|B column at 380°. The diffusion coefficients of
H,SiO, and MgCl. are 0.05 and 1.0 respectively (A¢u,sio, and Agygcy,
are of the same order of magnitude). Notice that all concentration pro-

TABLE 2
Solution concentrations® at zone boundaries

380°C 400°C 420°C
BOUUdﬁTY CHJS i0y C)[gUIQ CIL,S 104 C.\IgClz CH4S104 CI\IgGlz
QT 0.02495 0.49784 0.02787 0.49691 0.03097 0.49566
T[S 0.00243 0.49954 0.00297 0.49930 0.00359 0.49897
S]F 0.00028 0.49978 0.00098 0.49952 0.00324 0.49900
FIB 0.00006 0.49985 0.00006 0.49976 0.00007 0.49962

* CHQS‘O4 and Cygei, are the moles of H,510, and MgCl, per 1000 g H,O (molarity).
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Fig. 3. Reaction zone thicknesses as functions of the square root of time (t'%).
The solid lines refer to zones in the column quartz-talc-serpentine-forsterite; the

dashed lines, to zones in the column quartz—talc—serpentine—forsterite—brucite. Cis a
scale factor.

TABLE 3
Reaction-zone thickness ratios

o
Column T,°C Du_lsm4 Dagery,  Erare® Esenp® Egors™ Liaie/Lserns Ltare/Ltors

Q|T|S|F 380 10— 1.0 0.480 0.132 NAfY 3.647 NA
1.0 1.0 1.570 0554 NA 2.847 NA
1.0 10—° 1.502 0.538 NA 2.790 NA
400 10— 1.0 0.577 0.109 NA 5.274 NA
1.0 1.0 1.690  0.502 NA 3.361 NA
1.0 10— 1585 0.491 NA 3.225 NA
420 10— 1.0 0.691 0.018 NA 38.696 NA
1.0 1.0 1.864 0.104 NA 17.820 NA
1.0 10—¢  1.720 0.104 NA 16.433 NA
Q|T|S|F|B 380 10— 1.0 0.373 0.047 0.014 7.986 26.000
1.0 1.0 1.227  0.205 0.030 5.969 40.42
1.0 10—¢ 1.168 0.200 0.027 5.846 42.798
400 10— 1.0 0.441  0.036  0.038 12.341 11.470
1.0 1.0 1.293 0.173 0.109 7.46 11.848
1.0 10— 1.213 0.171 0.102 7.095 11.876
490 10— 1.0 0.516  0.005  0.082 105.618 6.319
1.0 1.0 1.348  0.027 0.311 49.172 4.337
1.0 10— 1.246  0.027 0.302 45.443 4.126
*Eare talc zone growth rate.

serpentine zone growth rate.
tors = forsterite zone growth rate.
+ Not applicable.

“serp
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files exhibit curvature, indicating internal production in all zones. When
the diffusion concentrations of H,SiO, and MgCl, are greatly different,
however, the system can be approximated by one-component diffusion.
In figure 5, the diffusion coeflicient for H,SiO, (1.0) is much higher than
that of MgCl, (10—°), resulting in a reaction column formed mainly by
diffusion of silicic acid. Notice that the concentration gradients of the
mobile component, H,SiO,, are nearly linear, and those of the inert
component, MgCl,, are curved. In this case, internal production is in-
significant (eq 12). In figure 6, the roles of H,SiO, and MgCl, are re-
versed with Dy,gi0, = 107° and Dye, = 1.0. Again, internal produc-
tion is insignificant, and the concentration gradients of the mobile species
(MgCl,) are linear. Notice by comparing the widths of zones in figures
4, 5, and 6 that large variations in relative diffusion coefficients do not
cause large relative zone-thickness changes. Thus, for constant but un-
known diffusion coefficients, the zone-width ratios can be quantitatively
bracketed by knowing only the solution compositions at the boundaries.
Zone width ratios are, however, greatly affected by changes in boundary
concentrations and thus by temperature variations (table 3). The effect
of varying total chloride is much the same as that of varying the diffusion
coefficient of MgCl,. Variation of total chloride varies the absolute MgCl,
concentration differences between zone boundaries, but ratios of relative
differences between sets of zone boundaries remain approximately the
same.

Particular solutions by iterative methods—As previously shown,
analytical solutions for multizone columns developing from initial re-
action zones of non-zero width at t = 0 are quite complicated. Thus,
the authors have chosen to solve such problems with an iterative tech-
nique using a computer. After specifying initial reaction-zone widths, a
series of new zone widths are calculated with each small successive incre-
ment in time.

Consider the bimetasomatic column quartz—talc-serpentine—forsterite
at 400°, 1000 bars, with the following boundary conditions:

Ltalc:O.l } att—0 (32)

Lserpentine - 0'1

The reaction zone thicknesses (solid lines) resulting from this particular
solution are plotted as functions of t*/? in figure 7. Also plotted are the
parabolic functions representing the reaction-zone thicknesses of a quartz—
talc—serpentine—forsterite column (dashed lines) where the initial zone
thicknesses are equal to zero at t = 0. Notice that the zone thicknesses
of the column with the boundary conditions of eq (32) approach those
of the parabolic functions quite quickly and are identical at infinite time.

The preceding analytical and numerical methods can be applied
toward the prediction of more complicated multizone systems. Consider,
for example, the development of reactions due to the presence of a quartz
vein in a dunite at 400°C, 1000 bars.
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Fig. 4. Concentration profiles of MgCl, and H,SiO, in Q|T|S|F|B metasomatic col-
umn at 380°C. Du,s10, = 0.05; Daggor, = 1.0. The short dashed lines indicate meta-

stable extensions. The long dashed lines are included to show curvature of profiles.
Since D is constant, this figure can also be viewed as profiles of diffusion concentration
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Fig. 5. Concentration profiles of MgCl, and H,SiO, in Q|T|S|F|B column at 380°C.
Dy sioy = 1.0, Daggor, = 107 See figure 4 for further explanation.
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Fig. 6. Concentration profiles of MgCl, and H,SiO, in Q|T|S|F|B column at 380°C.
Ds,sio; = 107% Dagger, = 1.0. See figure 4 for further explanation.
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Ct”

Fig. 7. Reaction zone thicknesses as functions of the square root of time for the
column quartz-talc-serpentine—forsterite. The dashed lines refer to predictions based
on initial reaction zone thicknesses of zero width at t = 0 (sce fig. 3). The solid lines
refer to predictions based on initial thicknesses at ¢ = 0 of 0.1 ¢cm and 0.1 cm for
the talc and serpentine zones, respectively. G is a scale factor.
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Fig. 8. Reaction zone thicknesses resulting from alteration of a quartz vein of
a thickness equal to 10 in a dunite. See text for details. C is a scale factor.

Assuming the following boundary conditions:

Ltalc = 0
Lserpentine =0 att =20 (33)

quartz —

The reaction path and relative thicknesses of the reaction zones are shown
in figure 8. In the initial period, the width of the quartz zone diminishes
as reaction zones of talc and serpentine form on either side of the original
vein. The ratio of their thicknesses corresponds to the ratio found in the
particular parabolic solution of the quartz-talc—serpentine—forsterite
column.

At time (t,), the quartz zone is gone, the combined talc zone (after
the quartz zone has disappeared, the talc zones on either side combine
to form one zone) begins to disappear, and the serpentine zone width
continues to increase, but at a different rate, which can be represented
by the general parabolic solution for the development of a single reaction
zone (similar to eq 27). At t,, the talc zone disappears, and growth of
the serpentine zone ceases.

Relative importance of internal growth.—As previously stated, the
growth of reaction zones results from reaction both at the boundaries and
within the zones. This behavior is a consequence of the local equilibrium
principle. The relative contributions of zone boundary growth (By,,) and
internal production (I) to the total growth (E,) of the serpentine zone
in the Q|T|S|F|B column at 380°C are shown in table 4. Note that the
ratio of internal growth to total zone growth (I/E) reaches a maximum
value of 2.26 when Dygi0, = 0.05. Under these conditions, the diffusion
potential of H,SiO, is approximately equal to that of MgCl,. At higher
or lower values of Dygi0,, the contribution of internal production de-
creases (fig. 9) but is still quite significant (100 percent of growth rate)
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when one diffusion coefficient varies by two orders of magnitude. When
it varies over four orders of magnitude, internal production is of minimal
significance (I/E < 5 percent).

The range in which internal growth is insignificant corresponds to
the range that the system can be approximated by one-component dif-
fusion. As seen by the dashed line in figure 9, calculations based on one-
component diffusion will yield zone ratios within 0.5 percent of those
calculated by the bimetasomatic model in the range I/E < 5 percent
(outside the range between —2 and 2 on the horizontal axis).

In cases in which internal growth is large, the total boundary growth
(Btota in table 4) is often negative. Such a case can be seen in figure 10
where Dy,gsi0, = 0.08 and Dy, = 1.0. The serpentine is lost at the
talc-serpentine boundary at a rate greater than it is gained at the ser-
pentine—forsterite boundary resulting in a net zone boundary loss. This
is compensated by a large rate of internal growth giving a positive total
growth rate. As previously stated, a portion of the volume increase due
to internal production is compensated by a negative net boundary growth.

Diffusion coefficients as functions of concentration.—The diffusion
potential can be thought of as the effective concentration for diffusion in
a manner analogous to activity being thought of as the effective concen-
tration for chemical reaction. The diffusion potentials at zone boundaries
constitute the only variables needed for the calculation of total zone
growth rates. The rates of internal production and boundary growth
require knowledge of the solution concentration profiles but can be also
expressed in terms of ¢. The present use of the diffusion potential vari-
able greatly simplifies the derivation of total zone growth-rate functions
in which the diffusion coeflicients vary with solution concentrations.
Functions of ¢, calculated from equations relating diffusion coefficients
to concentrations, can be substituted into the general zone growth rate

TABLE 4
Internal and boundary growth in serpentine zone at 380°C
Dg,si0,* I Baret Beorst BeotarT Eserpt I/E
1.0 0.134 —0.918 0.991 0.072 0.206 0.65
0.5 0.165 —0.650 0.634 —0.016 0.149 1.11
0.1 0.174 —0.259 0.165 —0.094 0.080 2.18
0.075 0.162 —0.213 0.124 —0.089 0.073 2.22
0.05 0.145 —0.160 0.079 —0.081 0.064 2.26
0.03 0.116 —0.101 0.042 —0.059 0.057 2.05
0.01 0.052 —0.003 0.003 —0.000 0.052 1.00
0.003 0.020 0.039 —0.012 0.028 0.047 0.42
* Dagors, = Dger = 1.0
T Ls erp — Eserpr-.‘/2
I = internal growth rate.
B, = growth rate at talc boundary.
tors = growth rate at forsterite boundary.
total = Braie T Byors (total growth rate at boundary).
Egerp = Biorar T I (total growth rate).
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(eq 22). ¢ will always be of the form of a constant times some function
of c. In the example previously discussed, the diffusion coefficients equaled
constants with no cross terms. In this case the diffusion potentials were
simply the constant diffusion coefficients times the concentrations. Fisher
(1976) considers another case in which D; = L/c; where L is a constant:

(9¢ps/0x); = L/ci(9¢;/0x) (34)

Integration yields:
¢=LLng (85)

Equation (34) could be substituted into equation (2), thereby giving a
function of the zone growth rates in which D varies inversely with con-
centration. Cross-coefficients do not present a problem either. Assuming
the following hypothetical functions for example:

Dhn=o¢
(36)
D, = e
Then,
¢ = 1/2(c* + c,¢.%) (87)

whereby the values of ¢; at the boundaries are completely defined by
concentrations and can be used for zone growth-rate calculations. Thus,
the solution for total zone growth rates given by equation (22) is totally

3._

-2 -1 0. | 2
Log [0H4SiO4DMgCI2 ACwgct, /Amger,Drgsio, ACH4SiO4]

Fig. 9. Ratios of the internal growth rate to total rate (solid curve) for the serpen-
tine zone and the ratio of talc to serpentine zone thicknesses (dashed curve) for the
Q|T|S|F|B column at 380°C. I is the rate of internal growth; E is the rate of total
growth; Lger, is the thickness of the serpentine zone; Ly, is the talc zone thickness.
At the left end, Ly,i¢/Lserp approaches 5.846, the limiting value for H,SiO, to be
the only mobile species; at the right end, L¢ay./Lsep approaches 7.986, the limiting
value for MgCl; to be the only mobile species. Since D is constant, the horizontal
axis is equivalent to log(—aH4sxo4A¢Mg012/aMgc]2A¢n4s‘04), a measure of relative fluxes
of MgCl, and H,SiO,, where amgsio, equals 2; and ayger, equals 3. See text for further

details.
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general for any form of diffusion coefficients as long as they are only
functions of concentrations.

CONCLUSIONS

The development of a theoretical transport model suitable for pre-
dicting bimetasomatic reaction columns resulting from intergranular dif-
fusion is an important step toward the understanding of non-isochemical
rock systems. We now have a mathematical model from which the rates
of growth of monomineralic reaction zones in multizone systems can be
calculated. Zone growth is considered to occur both at zone boundaries
and within zones. The total zone growth rates were found to be inde-
pendent of concentration profiles inside the zone and dependent only on
the diffusion potentials at the zone boundaries. The individual growth
rates at the boundaries and within the zones, however, are dependent
on concentration profiles.

Calculations of reaction zone columns in the system MgO-SiO,-HCI-
H,O yielded information concerning the effect of internal production

0.10
0.08
0.06
0.04

0.02

1 0o
-0.02
-0.04
-0.06

-0.08

~o0.10b

Fig. 10. Internal boundary and total growth rates as function of Ct'* for serpen-
tine zone in Q(T|S|F|B column at 380°C. l)"_ls.o4 = 0.03; DM,;C.2 = 1.
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on the total zone growth rate. It was found that if the thicknesses of
reaction zones in a ternary system are equal to zero at t=0, the ratios
of any two zone thicknesses are constant and independent of time. The
growth rates were found to be parabolic in this case. If not equal to zero,
the zone growth rates soon approached those of parabolic growth.

When the changes in diffusion potentials across a zone are of the
same order of magnitude for the different species, the internal growth
rate was found to be significant (over two times the total growth rate).
In cases when the diffusion potentials varied over 4 orders of magnitude,
internal growth was insignificant, and the system could be calculated
using a one-component model. The diffusion potential (¢;) was found
to be a useful concept for deriving general total growth-rate functions
involving diffusion coeflicients which are dependent on concentrations
of all aqueous species.

With the use of various sets of input data, comparisons of predicted
reaction columns with those found in natural rock systems should provide
a basis for determining which parameters are important in controlling
the paths by which non-equilibrium systems approach quasi-static equi-
librium.
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APPENDIX
Gradients of diffusion concentration of aqueous species,
(09/0x)., at zone boundaries
With the assumption of steady state, the second derivatives of diffusion concen-

trations of various aqueous species are related to each other by the stoichiometric
coefficients of the solid in the jth zone:

a15(0%x; /9%t = a;(0%1;/0X)¢ (Al)
Integrating:
a Qx
O/ = = @du/oN)e = 71 (A2)

Wllere Quiy = aijA¢y; — ax;A¢,y Is the integration constant. Substituting equation (8)
into (A2), we obtain n equations of the following form, with k = 1 to n.

n

= @ui/0x). = uc:)'jklijj (A3)

ay
£

BTDu* (0cn/9x)e —

h =1
The differential form of the mass reaction equation is:
h

2 "C';’ @an/ox). = 0 (A4)
h =
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Combining equations (A8) and (A4) we have a set of n 4 1 linear equations for n + 1
unknowns, (3cn/9x): with h = 1 to n and (9¢:;/9x),. The set of linear equations can
be represented by the following matrices:

1
B{(9c:/0%): (Bca0X)c - - - (Bca/0X)e o (315/3%):}
_ . Qu Qs Qui .
—{a,,ﬁ, —auljj —a“Lj, 0} (A3)

where the curled brackets indicate column matrices of order (n+1) X 1, and B is a

square matrix of order (n+1) X (n+1) with the element at the kth row and the hth
column

bgn = BTDp* whenh=nandk=n
bew = ang/cn when h = n and k = n+1
bun = — ay when h = n+land k =n (A6)
and b = 0 when h = k = n+1
Solving (A5)
_ 1By
(09:5/9%): = L,[B] (A7)

where |B| is a determinant with the identical elements as the matrix B, and |Bl] is
a determinant with the same clements as the matrix B except

ben = Qxiy when h = n+1 and k = n.

At zone boundaries, (9¢,;/0x). can be calculated from |B,| and |B| which are explicit
functions of stoichiometric coefficients, diffusion coefficients, concentrations of aqueous
species, porosity, and tortuosity at boundaries.
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