THE CALCULATION OF GEOLOGICAL AGE.
NORMAN B. KEEVIL.

ABSTRACT.

New equations are developed by conventional methods for computing the
age of rocks and minerals from radioactivity data, and errors in some of the
past work are pointed out. By a suitable choice of equations, any desired
degree of accuracy in calculation of the age can be obtained for all methods
involving the accumulation of lead and helium from the thorium, uranium,
and actino-uranium series. At low ages, the simple equation with con-
stants dictated by recently improved values of the disintegration constants
is satisfactory, and at higher ages a new equation, which corrects the age by
means of a constant involving the thorium uranium ratio, can be generally
applied. It is pointed out that if an average value of 3 is assumed for this
ratio, the errors introduced into the calculated ages for ordinary rocks are
less than those involved in experimental measurements and in changes in
the rock since consolidation.

INTRODUCTION.

With the increasing interest in the determination of geologi-
cal ages by radioactive methods, and the development of
improved techniques, it is appropriate to consider the methods
used in the calculation of the age from the experimentally
determined parameters. It is important to realize the limita-
tions in the use of certain equations, and to bring all methods
of computation to a common basis. An approximate formula
may give a value 625 = 25 million years (M.y.), the correct
solution! being 600 == 25 M.y., and while the assigned error
may cover the discrepancy, it is nevertheless incorrect to report
the age as 625 = 25, unless the method of computation is made
clear.

The simple equation, which has been written?

_ 88He
t(M.y.) = I—J—m ............... (1)

__ 7600 Pb (1a)

-—-—-——-—-———U+036 Th -t

yields a result close to the true age for young rocks, but it can
be improved by the inclusion of the actino-uranium series, and

*When reference is made to the correct solution, or the true age, it is
generally implied that the accepted ultimate reactions of the radioactive series,
and the values of the disintegration constants are correct. Small changes
that may occur in the future may be incorporated into the equations without
changing the arguments appreciably. It is assumed throughout this paper
that there has been no loss or addition of helium or lead since crystallization
as questions bearing on this point are beyond the present scope.

?*Holmes, Arthur: The Age of the Earth, Thomas Nelson and Sons,
Ltd., 1937.
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by introducing more recent values of the radioactive disintegra-
tion constants.

Equations of the logarithmic form, when properly employed,
are capable of giving exact ages in certain instances, but are
not applicable to rocks, which invariably contain the uranium
and actino-uranium series, as well as the thorium series. One
of these equations commonly used® for such materials,

2303 4.518 X 10—10 He
t yrs. = - log,, [1+ Ra 1 9.17 X 105 Th ....(2)

and often referred to as the “exact equation,”® 2 has no sound
mathematical basis, and its use is not recommended. The thor-
ium cannot be exactly expressed in terms of a member of an-
other series, and be used in conjunction with another disinte-
gration constant, as is done in Eq. 2 for obtaining the inte-
grated effect over geological time. Its apparent application is
due to the fact that the disintegration constants of thorium and
uranium are not widely different, and that the partial cancella-
tion of errors is such as to give approximately the correct result
for many rocks. In other cases, as will be shown later, the dis-
crepancies between the true age and that calculated by the
erroneous equation may be large. Furthermore, the equation
neglects the actino-uranium series altogether, which limits its
supposed application to about the same range as the simple
formula, Eq. 1. The methods outlined by Kovarik* were
more rigorously developed but have been little used. Others
have suggested certain simplifications, and considerable dis-
cussion has revolved around the methods of correcting for the
decay of the parent elements in old rocks, and the question of
the best values of the disintegration constants to use.3 3

In this paper, a set of equations will be developed which
will satisfy all present purposes; these will be expressed in
simple forms in which they may be applied directly, using the
most recent values for the several constants involved. Details
are given to facilitate their use by the geological readers to

®Lane, A. C., and Urry, W. D.: Bull. G. S. A. 46, 1101-1120, 1935. Urry,
W. D.: Chem. Rev. 13, 305-343, 1933, Bull. G. S. A. 47, 1217-1234, 1936,
J. Chem. Phys. 4, 34-48, 1936.
*Kovarik, A. F.: Part III, The Age of the Earth, Bull. 80, National
Research Council, 1931.
® Holmes, A., and Lawson, R. W.: This Jour. 5, B, 327-344 (1927).
(wg{li;sch, G., and Lane, A. C.: Proc. Am. Acad. of Arts and Sci. 66, 357-379,
Foye, W. S., and Lane, A. C.: This Jour. 28, 136-138 (1934).
Lane, A. C.: Am. Min. 19, 3-8, (1934).
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whom the results are of greatest interest. No innovations are
introduced, but some interesting observations result from car-
rying the simple, logical procedure sufficiently far. The final
equations are simpler, more accurate, and of more general
application than the equations previously used, and the rela-
tions between the existing equations and methods are shown
most clearly by the present treatment. The time is considered
appropriate for such a treatment because of improvement
within the last year in our knowledge of the constants of dis-
integration of thorium, uranium, and actino-uranium.®

GENERAL EQUATIONS.

The number of atoms, N, of stable end products of radio-
active disintegration formed in any interval of time greater
than that required for equilibrium to be established* is given
by:

=n, (Nu1,— Nur) + n, (Naw, — Nm) +
Ny (Nacw,— Nacw) + 1, ....(3)

where n; = the number of atoms of end product resulting from
the disintegration of one uranium atom after equilibrium is
reached in the series, that is, the number of atoms of end-
product formed after the chain of radioactive disintegrations
has ended.

n, = similarly, the number of atoms arising from the dis-
integration of one thorium atom.

ng = similarly, the number arising from the disintegration
of one actino-uranium atom.

n, = the number of atoms of end product due to other

® Nier, A. O.: Phys. Rev. 53, 922 (1938).

—————: Phys. Rev. 55, 150-163 (1939).

Kovarik, A F., and Adams N. I.: Phys. Rev. 54, 413-421 (1938).

*In all but some post- -Pleistocene formatlons, equlllbrlum has been estab-
lished in all of the series. The longest period is for the uranium series which
requires several thousand years. After thlS time it is assumed that there is
secular equilibrium between the successive products of transformation.
Whlle the amount of the parent element is decreasing with time, no sensible
error is introduced for any of these elements (UI, AcU and Th) since they
are transformed so slowly that the change in thelr concentration m the time
required for secular equilibrium to be reached is negligible. This is because
the rates of disintegration of the intermediate atoms are many thousands of
times faster than the parent atoms which have half-lives of more than a
billion years. At equilibrium, the ratio of the concentration of one member
of a series to another is constant, that to the parent being small, e.g. Ra/UI
=3.5 x 107. 1In rocks, then, the number of atoms of daughter elements
disintegrating in a given time is the same as the number formed from the
parent, in other words, the rate of formation of one lead and n helium atoms
is equal to the rate of disintegration of the parent atom of the series.
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radioactive series; it is quite negligible compared to the other
terms and need not be considered.

Nui, = the number of atoms of uranium I at the time t,.

This is taken as the time when accumulation of the end
product commenced, so that t,=0. In the case of helium,
it is most probable that this represents the time of solidification,
but with lead, it may represent some time before crystallization.

N, = similarly, the number of thorium atoms at time, t,.

Nacv, = similarly, the number of atoms of actino-uranium
at time, t,.

Nur = the number of atoms of uranium I at the present
time, t.

N1n = the number of atoms of thorium after time t.

Nacv = the number of atoms of actino-uranium after time, t.

The law of radioactive disintegration may be written :

NUIO = NUI L (4)
N:[‘]Jo = NTh e)‘Tht ............................. (43.)
NA(‘UO = NA U e)‘“Ut .......................... (4b)

where Aur = the disintegration constant of uranium
Amh = the dlsmtegratlon constant of thorium
Aacu = the disintegration constant of actino-uranium

Equation 3, then becomes

N =n,Ng; [0 —1] + n, N, ('t —1) +
ngNacw (Mot —1)...(5)

Exact Solutions for t.

Equation 5 can be solved explicitly for t only in two cases;
the first, when only the thorium series is present, since uranium
is always associated with its isotope, actino-uranium, and the
second, when a quantitative analysis of one or more of the
individual lead isotopes is made.

The thorium series alone is present in radioactive minerals
containing no uranium (neglecting n,). Then,

...............................

and solving for t,

(e 2)\303 2303, ( 1+
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When the end product considered is lead (Pb*®), n, =1, but
for helium, n,=6, so that the equations giving t in years in
these two cases are:

8
t years = 4.62 X 1010 loglo( 141116 PTh ) ......... (72)

t years — 4.62 X 101 10g10( 14 1726 X 103 %‘:;) ... (7b)

where Pb?°8 is the weight of the 208 isotope in grams,* Th=
the thorium content in grams, and He = the helium content in
c.c. at standard temperature and pressure.

The second condition for using the explicit solution for t
is applicable only to the lead method. Determinations of the
amounts of the lead isotopes can be carried out by an analysis
for the total lead combined with an isotopic analysis, prefer-
ably by the physical method. In the future it may be possible
to determine by means of the mass spectrograph the amounts
of the lead isotopes in the sample, in addition to their relative
abundances. The difficulty with the application of these
methods to geology is in limiting the amount of the particular
lead isotope used in the age equation to that of radiogenic
origin formed since crystallization.

When analyses of the individual lead isotopes of radiogenic
origin are available, the following equations also may be used”:

tyrs. = 2.303 log,, ( 14 przfs) ..................... (8)
— 1.515 % 10" log,, ( 1 +1—1—5ﬂ’3(f) ........... (8a)
tyrs. = ?1,103 log,, ( 14 h{\;’f) ..................... (9)
— 2.37 % 10° logy, ( 141 1:3’207) ............. (%)
— 2.37 X 10° log,, ( 14 158—13"207) ............. (9b)

* Through the paper the symbols of the elements will refer to the weight
in grams, except for helium which is expressed in c.c. The quantities of the
elements in any single equation, of course, refer to the amounts from equiva-
lent masses of sample, usually per gram.

" Equation 8 may be used for pure uranium minerals, when the error due
to the neglect of actino-uranium is small compared to the experimental errors.
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When t is known from some relation other than Eq. 9b, a
means is offered of checking the activity ratio r, defined as

NAcU) ()\Acﬂ>
=) (o ) e e e 10
' ( Nu Aur (10)
The first factor in Eq. 10 is known from isotopic analyses®
T = 139410 oo (11)
AcU

Combining equations 9, 10, and 11 and introducing numerical
constants gives:

. 109108

t years

158 Pb207
1Oglo ( l + UI )

TAsBLE I.

Numerical Values of Constants
Disintegration Constants®

Apr = 4.82 X 107 sec.™ = 1.52 X 107 yr.™*; T =4.56 X 10° yr.
Apeg = 3.06 X 107 sec. =9.72 X 107 yr.'; T=7.14 X 10° yr.
Mpp = 1.581 X 107 sec.”” =4.99 X 107 yr.™; T = 1.39 X 10* yr.
Aga = 1.30 X 107 sec.™ = 4.1 X 10™* yr.™*; T =1690 yr.

Ratios
r = Naoac _ 0,046 + 0,002
Nor-ror
Nor 1300+ 10
AcU
Nor _ 57 % 10° =0.95 u
Ra Ra
Ny, Th
= 1.026
Nour 102 Ul
Atomic Weights
UI =238.1
AcU =235
Th = 232.12
Ra = 225.97
Pb =207.2
He = 4.002

Molecular Volume He, 22,420 cc.
Avogadros’ Number, 6.02 X 10®

® Nier, A. O.: Phys. Rev. 53, 922, 1938.
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Solution by Expansion of the Exponentials.

An exponential may be evaluated to any desired degree of
accuracy by means of the familiar series:

2 3
e‘:(l—}—x)—}——%——i——g—!—{- .................. (13)

and the problem is merely to decide how many terms are
required in the expansion of each of the exponentials in Eq. 5
to give the desired degree of accuracy. In Table II, values are
given for x and e* involving Aur, Am and Ascv, and several
values of t over the span of geological time, and for conven-
ience, the accuracy of the first, second, and third approxima-
tions for several values of the exponent are given in Table III.
The values in these tables can, of course, be obtained simply
from the values of the constants and a table of exponentials
by making the necessary substitutions; they are tabulated here
merely for convenience in reference and immediate use by
those interested in geological age calculations.

TasLe II.
(a) Values of Exponents and Exponentials in the age equation.

Agein
million years 100 400 700 1000 1500 2000 2500 3000

X =gt 00152 00608 0.1064 0.152 0.228 0.304 0.380 0.456
ex 1.015 1.063 1106 1.164 1254 1355 1462 1.578

X =Nt 0.00499 0.01995 0.0349 0.0499 0.0748 0.0997 0.1245 0.1496
ex 1.005 1020 1036 1051 1077 1105 1133 1.161

X=DN,gt 00972 038 0680 0972 1458 1943 243 291
ex 1102 1475 1974 2643 429 697 1136 1836

.. N N .. .
(b) The variation of "> and ——"~ ratios in the past, assuming
Nur Naco

present values: 3.5 and 139 respectively.

347 335 328 316 300 28 271 258

128 100 78 61 41 27 18 12
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TasLe III.
Accuracy of expansion of e* for several values of x.
1st 2nd 3rd
exponent exponential approximation approximation approximation
2 2 s
X ex 14+ x l‘—i—x—{——’—é— 1+x+52—+—’é—
0.01 1.01005 1.01 1.01005
0.04 1.0408 1.04 1.0408
0.08 1.0833 1.08 1.0832 1.0833
0.10 1.1052 1.10 1.105 1.10517
0.25 1.2840 1.25 1.281 1.2836
0.50 1.6487 1.50 1.625 1.6458
1.0 2,7183 20 2.500 2.667
1.5 4.4817 2.5 3.625 4188
2.0 7.3891 3.0 5.00 6.33
3.0 20.086 4.0 85 13.0

From these tables, it is evident that the expansion to (1 4 x)
alone is sufficiently accurate when t is small, and the range of
application can be extended when it is remembered that the
coefficient before the exponential involving Aacy is small com-
pared to the others. Furthermore the expansion to the second
term in X will give better than one per cent accuracy for the
exponentials involving Avr and A over the whole range of geo-
logic time. The error in carrying out the expansion of eMacut
only to the second term, does not exceed one per cent until t is
greater than 5 X 10® years. The resulting error in the cal-
culated age of a rock is considerably less, since the abundance
of actino-uranium with respect to thorium and uranium is
small, being only 0.002 at the present day, assuming a thorium-
uranium ratio® of 3. Actually, as shown later, the error does
not reach one per cent until the age is one and a half billion
years. The changes in the relative amounts of thorium, ura-
nium and actino-uranium in the past are shown in Table IIb.

Age Equations for Young Rocks and Minerals

For rocks younger than a third of a billion years, a single
expansion of the exponentials in Eq. 5 to the first term is
satisfactory, giving,

N = nle)\mt + nzNTh)\f[ht + n3NAcut ............. (14)

So that,
N

® Keevil, N. B.: Econ. Geol. 33, 685-696, 1938.
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Introducing numerical constants, the age in years is given by

723 X 10° Pbg
t years = m ........................ (153.)

where Pbr = Pb— Pb,, Pb being the total lead content in

grams and Pb, the correction for common lead. The correc-

207.2 , (due
R

tion to the constant in the numerator of Eq. 15a,

to taking the atomic weight as 207.2) may be neglected ordi-
narily; Ag is the atomic weight of the radiogenic lead. When
helium is the end product considered,

¢ vears — 840 X 10°He
Years = 510243 Th TOZA3 TR "t
or when the radium!® is the member of the uranium series

determined,
2.96He

Ra | 8.54 X 10-°Th

t years =

The physical meaning of the simple approximation made
above is merely that the age is effectively computed from the
ultimate reactions,

Ul —8He 4+ Pb2%¢ ... i (16)
AcU—>7He+ Pb27 ... it (16a)
Th—>6He+Pb2 ... ... . iiiiiiiiiinen. (16b)

assuming that the concentrations of the reactants are constant.
The errors involved in thus neglecting the decay of the parent
atoms is ordinarily less than one per cent for rocks younger
than 250 M.y., or for minerals containing no thorium, 150 M.y.
A glance at the denominator of Eq. 15 will reveal that it
represents the total number of radioactive atoms disintegrating
per unit of time, or where n, = 8, n, =6 and n, = 7, and the
disintegration constants are expressed in units of hr.=2, it is
the rate of production of helium atoms in the sample in atoms
per hour, a3, at the present time.
When the helium is measured in cc., the age is given by,
3.065 X 10*He

Eyears = ————————. ... (17)

1 Usually determined by measuring the ionization due to the radon.
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Where,
a = 3.65 X 108UI + 8.86 X 10°Th atoms per hr. ..... (18)
a=1.037 X 10'5 Ra 4 8.86 X 107Th atoms per hr. ..(18a)

This rate of production of helium from a rock sample has been
defined as the “activity index,” which is the total alpha particle
emission per milligram of sample.!™* When the radium is
expressed in units of 102 grams per gram, and the thorium
in units of 10~® grams per gram of sample, the activity index,
I, is given by,

1=1.037 Ra+-0.0886 Th=Alpha particles per mg. per hour.. (19)

Age Equations for Older Rocks
For rocks and minerals more than a third of a billion years
old, an equation obtained by the expansion of the exponentials
to the second term can be applied.
Equation (5) then becomes,
)\Ul2t2 2¢2

A
N =n,Ny ( Autt 4+ > ) ~+ n, N ( At 4 T_;-)

2
+ n;Naco ( Ascut 4 ﬂ_czni) ................ (20)

and after rearranging,

t2
'E‘(nthJI)\UI2 + n,NrpArn2 + ﬂsNAcUAActF)
+ t(n,Norror + n,Nmwdrn + n;Nacpracs)— N = O...(21)

Letting X = nl)\msz + nzz\Th2NTh + na)xA._.UzNAcU ....... (22)
and y= nl'\UINUI + nzl\ThNTh + nshAcUNAc‘U .............. (23)
t is given by,
N 2 1
e= RN (24)

Expressing N in terms of grams of Pb, or cc. of He, this
becomes,

—y 4+ [y + 5.81 X 102 Pb.x]'/2

t= e ERTPPPPPPPRPS (242)
f— Y+ I+ 5‘3)7( X10® Hex]¥? ... (24b)

2 Evans, R. D., Goodman, C., Keevil, N. B., Lane, A. C., and Urry, W. D.:
in preparation.

2 Keevil, N. B.: Trans. Roy. Soc. Canada, Vol. 32, Third Series, Sec. IV,
pp. 123-150, 1938.
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Where N is the number of lead atoms produced in time t,

Xpp — 2990 X 10—20NUI + 2486 X 10'_21 NTh ....... (25)
=756 U014645Th ...oovuiiiirinnennneenns (25a)

and,
ypp = 1.59 X 10Ny + 499 X 107 Ny oeeeeee (26)
=4.02 X 104 UI 4 1.294 X 10"Th ........... (26a)
and where N is the number of helium atoms produced in time t,
Xpge = 2.324 X 107 Ny; + 1492 X 1072 Nqy, ...... (27)
=588 X 102Ul 4+387Th ....covvvvvnnnnnn. (272)
=1670 X 10°Ra+387Th ....cvvuvvinnnnn. (27b)

and,
YHe = 1.265 X IO_BNUI -I— 2.992 X 10—10 NTh ....... (28)
=3.198 X 102Ul 4 7.760 X 10"* Th ......... (28a)
=9.092 X 10'®* Ra +7.760 X 10* Th ......... (28b)

There are some advantages in changing the form of Equa-
tion 22, so as to have a more general application.

The constant, y, is again the present rate of production of
helium, or (when expressed in the proper units) the activity
index. The age obtained by the approximate equation (15) is
given by N/y, x being an additional term which takes into
account the decay of the parent elements.

As actino-uranium is an isotope of uranium, and the follow-
ing constants are known,

NAcU

k= Nu

= 0.0072

— Aacu _ »
k, = oy = 6.396

x and y may be simplified to,

X= (nl + n3k1k22))\UI2NUI + l'lz)tTh2NTh .............. (29)
y= (nx + n3k1k2)AUINUI + nz/\ThNTh .............. (293.)

If we let,
Now = 102622 e, (30)

Ny



206 Norman B. Keevil.

then, by substituting k;Nuvr for Nm in Egs. 22 and 23, and
introducing k, and k.,

No = y [(n1 + nakxkz) v + l’lzks )vrh]"—l ........... (31)
NTh = kay [(n1 + naklkz) Aur + nzka Mh]_l ........ (313)

Substituting these values in Eqgs. 29 and 29a

Yy [ (nl + n3k1k22) )‘Ul2 + nz)\'l‘hzka]
= =Ky ...... 32
* (n; 4+ ngk,k,) Aur + nAmk, Y (32)
k,k,?) Ape? + ng Amk Th
h :(n1+n312 U1 2 ATh 3=f( )”.
where K (nl + nak1k2) Aur + n, /\Thka Ul (33)

Equation 24, may now be transformed into,

_ —y+ (y*+2NKy)'2
= Ry o reeeeeeeeeeeeeeenees

t

_ VIF2Kt, —1
= e SO

Where t, = —I\l, the approximate value of t calculated by one

of the simple formulas, Eq. 15 to 15c or Eq. 17.

This may be further simplified by expanding the square root
term by means of the binomial theorem as far as the quadratic
term, then,

t=t,— U EKtZ e (34b)

a simpler equation to use, and one which has certain advan-
tages at high ages. The use of equation 34b with a constant
K=1.27 X 10'® results in errors less than six per cent, even
at two and a hal{ billion years, over a Th/UI range from zero

to ten. When 15Kt,? is small compared to t;, t =t, = —

After introducing numerical constants K becomes, for the
lead method:
Ko — 2990 X 1010 4 2.486 X 10—k,

S 1531 10498k, Tttt

1.953 X 10—10 4 1.624 X 10— Th/UI
1+0334Th/UI "
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and for the helium method:

Ko, — 2:324 X 10— 4 1.492 X 10—k, 36)
He — 1265 X 10__9 + 2992 X 10_10 ks ..........

_1.837 X 10—1° 4-1.210 X 10— Th/UI (362)
= 1402427 Th/OT """

In Fig. 1 are plotted values of Kae and Kpp as a function of
the thorium uranium ratio. For present purposes, this graph
may be used directly to obtain K, for use in calculating the age
of old rocks.

A
A
I\
1A\

) \
2°l3 \ N
x [ \
v 12f \\
|.|: e
F \\ Khe
1o} \\
: Kpb\ ]
°-9t \\\\\'
\ ]
O'aollLl |lll‘_|lll,Illl“llll.’llL! illl-llll I)AJ lo
Th/UI

Fig. l: Values of constant, K, used in the age equations, as a function of
the ﬁggnum-uramum ratio, for both the lead (Kps) and the helium (Kre)
met! S.
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Equations 34a and 34b are useful in that the age of any old
mineral or rock can be easily computed from the approximate
age, t;, once the thorium-uranium ratio is known. It can be
used for either the lead or the helium methods.

) \\ ) 4
I \\
: \\ i
'm— \\
\ ]
KL J
_———\\— —_ ——— o ——— e —— — e — g —— e — e ]
\ . ——
N \
‘_.,__.___-&\_BL‘_\_{;_-______,_._._.______
) I \.: \\\—
Ann'lvll PR R I lll°|ll-'zllll‘llllsnlllall ;a
Th/ur

Fig. 2. Test of Different Equations at 1500 Million Years

1. Simple equation (15-15¢, 17).

2. More exact equation (24, 34, 34a).

3. Old logarithmic formula (Eq. 2).

4. Ages calculated by Eq. 34a and the assumption of Th/UI =3.5.

The dotted lines show the 1% error limit.

There is an increasing amount of evidence that wide fluctu-
ations in the Th/UI ratio are not as common as earlier work
indicated. The most recent determinations of radium and
thorium for a number of rocks!? of various types have shown
that the average is about 3, and the results of isotopic analyses
of lead minerals by the mass spectrograph,'® and indirect evi-

3 Nier, A. O.: J. Am. Chem. Soc., 60, 1571, 1938.
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dence from lead ore-genesis indicates that the average value
of the ratio® is between 3 and 4.

Assuming a value of Th/UI == 3.5, calculations were made
with Eq. 34a, at t = 1500 M.y., over a wide range of values of
the activity index, and with true Th/UI values ranging from
zero to one hundred. The results are plotted in Fig. 2, curve 4.
It is important to note that the calculated age is within 314
per cent of the true value, over the range from Th/UI =1 to
Th/UI =20, less than the present experimental errors of
measurement. This is a valuable observation, for it means
that the geologic age of any rock can be obtained within nar-
row limits, merely by measuring

a) the volume of helium in the sample.
b) the total alpha particle emission from the sample.'*

Since past work indicates that there is a greater chance of
the thorium-uranium ratio being below 1 than above 10, it is
suggested that the assumed value for Th/UI be taken as 2.5
or 3.0, rather than 3.5, when Eq. 34a is used. Less error
will result from the choice of a lower rather than a higher
value, because at higher Th/UI ratios, the approximate age,
t,, is closer to the true age, and also the error due to the actino-
uranium series at very high ages is in the opposite direction.

When Eq. 34b is used the approximation made in obtaining
it from Eq. 34a more than compensates for the error due to
previously neglecting higher terms in the expansion of eacut
(Fig. 3) so that the assumption of Th/UI = 3.5 is satisfactory.
When this is done, curve 4, Fig. 2, is lowered by about 30
M.y., so that the error varies from +3%5% to —3%5% as the
true Th/UI ratio changes from O to 10.

Fig. 2 shows the behavior of various equations at an age
of fifteen hundred million years when used to calculate ages
from samples with different thorium-uranium ratios. This
may be used to test the validity of the equations. At 1500
M.y. the simple equation is obviously not applicable, and the
more exact equations will tend to give a little too high an age
because of the limited number of terms to which the expan-
sions are carried. Since Tables IT and III show that the expan-
sion to (1 4 x) is satisfactory for the thorium term in Eq. 5,
increasing thorium-uranium ratios should cause the calculated
ages to approach the true value uniformly.

This is indeed true with the simple equation (15), curve 1,
and with the more exact equation (24, 34), curve 2, but it is

* Goodman, C., and Evans, R. D.: Phys. Rev. 53, p. 916, 1938.

Am. Jour. Sc.—Vor. 237, No. 8, MarcH, 1939.
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not the case with the old logarithmic formula,s Eq. 2, curve 3.
With no thorium, the error due to the neglect of the actino-
uranium series in Eq. 2 is one hundred million years, while at

high values of Ih the inaccurate treatment of the thorium
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Fig. 3. Deviations of Calculated Ages from the True Values, A (Eq. 40).

Dashed curves: Eq. 15-15¢, 17.
Solid curves: Eq. 24, 34, 34a.
Dot and dash curve: Eq. 34b.

The numbers at the top of the curves refer to the Th/UI ratio.

series causes as large an error in the opposite direction. Tt
so happens that the two errors cancel at Th/UI = 3.5, in this
instance. It is interesting to note that curve 4, showing the
effect of assuming a constant value of 3.5 for purposes of
approximation only, yields a result closer to the true age than
the old logarithmic equation.

* Using the new values of the disintegration constants.
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Corrections at Ages Greater Than 1500 M.y.

The effect of neglecting higher terms in the expansion of
the exponential involving Aacu begins to cause errors greater
than one per cent after about one and a half billion years (the
extent of the error depending upon Th/U). The value of
the exponent increases so rapidly after this age, that the inclu-
sion of one or two more terms is insufficient, and further
expansion is not feasible because of the high powers of t that
would be introduced.

The deviations of the calculated “ages” from the true age
are illustrated in Fig. 3. The dashed lines give valués of t,

Th .
ratios of

calculated by the simple formula (Eq. 15) for g

U1
0, 2, 4 and 10. The solid curves show the deviations at high
ages of equations 24, 34 and 34a from the true age (Curve A)

for several %}% ratios.

Ages obtained with Eq. 34b (dot-and-dash curve) show
smaller deviations at high ages than those calculated by means
of Eq. 34a because of the approximate cancellation of the
actino-uranium error mentioned above. The effect of varia-
tions in the Th/UI ratio on the size of the discrepancy is also
much smaller, so that only one curve is shown which repre-
sents closely the age calculated for Th/UI ratios varying from
2 to 10.

The simplest way to correct the “ages” computed from Eq.
24, 34 or 34a, is by means of a curve or tables. Actually, such
a correction is seldom necessary at the present time, because
the experimental errors are seldom less than five per cent, and
also because such old minerals and rocks appear to be rare.
When necessary, corrections can be applied for high ages by
interpolation from the curves in Fig. 4. For convenience, the
broken line is included to show the point at which the error
amounts to five per cent.

A General Substitution Method for Obtaining the Exact Age.

It is possible, by substitution methods similar to those
described by Kovarik,* to obtain the age as accurately as may
be desired. Such a method, which is perfectly general, is
described below. .

The number of operations may be reduced to a minimum if
a good guess of the age can be made. This is possible by com-
puting the approximate age, t, using Eq. 15 or 17 or even Eq.
34, and improving the guess by referring to Fig. 3 and Fig. 4.
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If the trial value of the age is t,, the true age, t, is given by
LA T e (37)

where t! is relatively small compared to t and t,. (It is prefer-
able to have t' positive, because of the way in which the series
converge.) If t' is small enough a simple expansion of the
exponentials to the first term is sufficient.

Correction M.y.
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Fig. 4. Corrections to be applied to “ages” calculated by Eq. 24, 34 or
34a, with Th/UI ratios of 0, 2, 4 and 10, respectively, reading from the left
to the right curve. The dashed line shows the 5% error limit.
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Equation 5 may be rewritten to include t, and t* in place of
t; then,

N = n,Npr (e 0% & M0 1) 4 n,Na, (e ¢ mf — —1)
tl
0

4 0, Naep (et etactt 1y L, (38)
which becomes, after a simple expansion,
N = n,Nyge 0T (1 + Avrt!?) —n,Nor +
nzNThe AThto (1 + )\Thtl) —_ I'I2NT11 +
naNAcUe )‘AcUto (1 + )\AcUtl) —_— ngNACU ............... (39)

This may be rewritten
N 4 n, Ny + n,Nry + n;Nacg = n,Nyre Mot + n,Nme Moat
+ n3NA(,Ue )‘AcUto + ! (I'lllqul)\*l'nektnto —I— nZNThAThe )\Thto
+ n3N Acu)tAcUe)‘ACUt" ) ....... (393)
After grouping and introducing values for n;, n,, n, and N

for the two end products, t! is given by
(PXR+ 423 X10—3UT+4.31 X 10—*Th)—[4.20 10—2UI(. ..
(eO 152t + 0_(x)7260.972t0) + 4'31 >< 10—-3 Th e0.0499to]
6.383 X 10—UT (152t} 0.0460 e%-972t,) 4-2,15 X 10—+ Th 0-049%¢,
........ (40)

where A is the atomic weight of the lead, t° and t! are in units

of one billion years, and the disintegration constants in billion

years 1,

t! = 4.46 X 10—°He + 3.38 X 10—2UI +- 2.586 X 10—2Th—..

[3.36)X10—2UT (e%152t.4-0.0063 272t ) 4-2.586 X 10—2Th e 0499r, ]

510X 10— UT (e>1%, + 00403 e09724,) 11.29 X 10—5Th e 022)9;
........ (402)

If t! is too large, or if greater accuracy is desired, a second
substitution may be made, replacing t, with the new value of t.
and so on. Ordinarily it should be possible to select a trial
value of t, which is not more than one hundred million years
from the true value. When this is so, only one substitution is
necessary, and with a table of exponentials, the whole compu-
tation can be carried out within a few minutes.

This method is applicable also to the calculation of the age

ratio obtained either from

from the knowledge of the P
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pleochroic halos, or from isotopic analyses as Nier has done.®
If the ratio is called R, then from equations 4 and 11,
)‘AcUt -
139R = —— 1
et —1
and applying Eq. 37.

et o Macpt

etacte eMactt 1
BR=—————F—"— iitenn... 42
3 oot erurt g (42)

After expanding to the first term, and rearranging as before,

139R eMorte__eracute __ 139R 1 1

s ... (43)
C)\Acuto)\AcU —139R )\UI e )\Ulto
and introducing numerical constants,
0.152t, __ 00.972t, __ 1
a_ 139Re ¢ 139R + (43a)

0.972 9972, 1 21 1R %182t """ """°

where t, and t' are in units of billion years, and Avr and Aacu
in billion years —1,
Summary.

The age equation can be solved exactly by one of the logar-
ithmic equations (7 to 9) when only the thorium series is pres-
ent or when the amounts of the radiogenic lead isotopes are
known. When all of the radioactive series are present, the
true age can be obtained with any desired degree of accuracy
by successive substitution methods (Egs. 39-40, and 43).

It is satisfactory for present purposes to use one of the
approximation formulas (Egs. 15, 24 and 34) which may be
summarized as follows:

_ (142Kt)V2—1

tyrs. = 74 =t —1/2Kt2~t,
¢ — 2.96 He _3.065 X 10" He __ 7.23 X 10° Pbg
' Ra+ 854 X 10—8%Th — a T UI40322Th

where K is obtained from Fig. 1, or for many purposes may
be assumed to be 1.25 X 10*° without introducing significant
errors.
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