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ABSTRACT. Water-rock interaction and reactive transport modeling is an important
tool for deciphering chemical and physical reactions occurring in sediments and rocks.
The modeling methodology calls for solving conservation equations to account for the
interaction between mass-transfer and reaction processes using a sequential iteration
numerical method.

The formalism presented here improves upon the traditional approach by refor-
mulating conservation equations to express chemical elemental mass evolution. The
elemental conservation equations describe mass change through mass-transfer and
kinetic reactions of solids, and solute-solute interaction (equilibrium) reaction expres-
sions. The system of equations is solved using a sequential iteration method, whereby
globally discretized mass-transfer coefficients of conservation equations are injected
explicitly into the conservation equations and solved locally at each node. The result is
a mathematically simple approach that eliminates the traditionally required use of
primary and secondary species classification. The formalism also allows the use of
solute-specific diffusivities. In addition, the tight coupling between mass-transfer and
reactions achieved by the methodology also allows nonlinear self-organization or
pattern-forming phenomena to be captured.

The methodology is demonstrated with simulations of (1) a diffusive-reaction
system involving patterned hematite nucleation, and (2) a flow-through system where
CO2-charged water interacts with formation water in a sandstone reservoir. Both are
isothermal one-dimensional simulations. In the first example, convergent diffusive
infiltration of Fe�� and O2 from two opposite ends produces patterned precipitates. A
natural analog of such phenomena is the occurrence of iron-oxide concretions in
Navajo Sandstones of Utah and Arizona. The second example demonstrates the
formation of a diffusive solute migration front ahead of advective effluent displace-
ment and reaction fronts. Such phenomena are observed when large quantities of CO2
are injected into geologic formations. The early arrival of diffusive solute fronts at
nearby monitoring wells are noted by decreasing water pH and raised alkalinity some
time before the arrival of the effluent.

Key words: Water-rock interaction, reactive-transport modeling, coupled nonlin-
ear processes, rtm, kinetic reaction, rate law, liesegang process, reaction-diffusion
system, iron-oxide concretion, nucleation, pattern-forming, self-organization, carbon
sequestration, advective and diffusive mass-transfer

introduction

Water-rock interaction models can be grouped generally into two types: closed-
system or open-system. Closed-system models resolve water-rock interaction by solving
chemical equilibrium reactions with or without kinetic reactions (Truesdell and Jones,
1974; Perkins and others, 1988; Wolery and others, 1990; Parkhurst and others, 1990).
Inherently these models do not resolve diffusive or advective mass-transfer mecha-
nisms in mathematically or phenomenologically self-consistent manner. Open-system
water-rock interaction models address coupled mass-transfer and chemical (both
equilibrium and kinetic) reactions of one or more minerals (Lichtner, 1985; White
and Chuma, 1986; Ortoleva and others, 1987; Yeh and Tripathi, 1991; Steefel and
Lasaga, 1994; Raffensperger and Garven, 1995; Boudreau, 1996; Xu and Pruess, 2001;
Park and Ortoleva, 2003). The common trait of open-system models is that they solve a
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set of mass-conservation equations that account for evolution of solute species concen-
trations associated with mass-transfer and reactions.

The continuum-based open-system models typically solve the solute mass-
conservation equations by delineating primary and secondary solutes involving homo-
geneous (solute-solute) and heterogeneous (mineral-solute) reactions (Rubin, 1983;
Lichtner, 1985; Steefel and Lasaga, 1994). By convention a primary solute is a
compound that represents the total concentration of a particular chemical element,
whereas a secondary solute is a linear combination of a number of primary solutes.
Comprehensive but summary reviews of this (henceforth called the “conventional”)
approach and its background and development history can be found in Lichtner
(1985), Kirkner and Reeves (1988), and Steefel and Lasaga (1994). Other works that
present similar or modified versions of the same approach can be found in Yeh and
Tripathi (1991), Raffensperger and Graven (1995), and Xu and Pruess (2001).

The continuum-based models use sequential iteration numerical methods that
solve water flow, mass-transfer, and chemical interaction processes separately (Licht-
ner, 1985; Kirkner and Reeves, 1988; Yeh and Tripathi, 1991; Steefel and Lasaga, 1994;
Raffensperger and Garven, 1995; Xu and Pruess, 2001; Park and Ortoleva, 2003).
However, no formal methodology has been proposed for the implementation of the
sequential iteration method, and each model tends to use its own unique method of
addressing the coupling between mass-transfer and chemical interaction.

As an alternative to the conventional continuum-based water-rock interaction
models, a methodology is presented here that solves elemental mass conservation
equations. This is in contrast to the conventional methods that use solute mass
conservation equations, and offers a number of important advantages. Primarily, it
provides a mathematically simpler and well-defined method of constructing a system of
equations for solving water-rock interaction and mass-transfer processes. Distinctions
of primary and secondary species therefore become unnecessary.

The methodology is complemented by a discretization approach that clearly
shows mathematically self-consistent sequential iteration between mass-transfer and
reactions. The discretization method can be used with any one of the popular
numerical methods (finite difference, finite volume, and others). Altogether, the
methodology presented in this paper makes it possible to achieve near-exact conserva-
tion (at the limit of numerical method and round-off errors) of total mass of chemical
elements through diffusive and advective mass-transfer processes, equilibrium reac-
tions among solutes, and kinetic reactions between solutes and minerals.

The utility of the methodology is demonstrated through two simulation examples
consisting of 1) Liesegang-type reaction-diffusion system describing iron-oxide precipi-
tation, and 2) one-dimensional reactive-flow problem that occurs between injected
CO2 and formation water in a saline reservoir. To simplify the illustrations of the
method, heat transfer and variable flux are ignored by using constant-temperature and
constant-flux or no-flux conditions.

conservation equations

The standard form of conservation of mass, formulated for keeping track of solute
species mass in pore water due to mass-transfer and reactions, is written as (deGroot
and Mazur, 1962)

�
�c�

�t
� �D��

2c��� ���(c� �u) � �
��1

M

	��A�G� (1)

for porosity �, solute species index �, solute molar concentration c�, diffusion
coefficient D� (cm2/sec), water flow (Darcy) velocity �u (cm/sec), mineral index �,
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stoichiometry of solute � in the �-th kinetic reaction 	��, mineral surface area A�

(/cm2), and mineral (kinetic) reaction rate G� (moles/cm2-sec). In order, the first
two terms on the right-hand-side of equation (1) describe diffusive and advective
fluxes, respectively, and the third term identifies contributions due to reactions. More
detailed description of G� and the rate law is given in a following section. In this
formulation, porosity is assumed constant. The case involving variable porosity and
porous media composition will be addressed separately in another manuscript.

Equation (1) is a solute conservation equation that shows a solute concentration
evolution dependence on mass-transfer and chemical reactions. However, the reaction-
term of the equation (1) should be reconsidered in the form

�
�c�

�t
� �D��

2c� � � ���(c� �u) � �

�1

Nf

	�
F
��
��1

M

	��A�G� (2)

where Nf and F
 denote the number of reactions that involve solute species only and
their respective reaction rates, respectively (Ortoleva and others, 1987). This formal-
ism assumes that in most geologic systems mineral reaction rates are significantly
slower than the rates of reactions involving only solute species. As in the conventional
continuum-based models (Rubin, 1983; Lichtner, 1985; Yeh and Tripathi, 1991;
Steefel and Lasaga, 1994; Park and Ortoleva, 2003), the Nf number of reactions can be
assumed to be “fast” according to these authors, and also described using equilibrium
reactions rather than kinetic reaction rate laws. These “fast” equilibrium solute-solute
reactions are expressed mathematically as

�
��1

Na

a�
	�
 � K
 (3)

for activity of the �-th solute a�, stoichiometry of the solute in the 
-th reaction 	�
,
equilibrium constant of the reaction K
, in a system consisting of Na number of solute
species. The activity of the solute � is typically calculated through the relationship

a� � ��m� (4)

where m� is the molal concentration of solute �, and �� is the activity coefficient, which
can be calculated using one of several available methods. The standard solute activity
correction method assumed in this manuscript is the extended Debye-Huckel (b-dot)
model (Wolery and others, 1990; Wolery, 1992).

Because the waters used in the example simulations are dilute and its mass density
change associated with reactions is negligible, molar and molal quantities are used
interchangeably in the methodology presented here. Otherwise, conversion between
molal (moles/kg of water) and molar (moles/liter of solution) concentrations can be
accomplished by using the water mass density to calculate equivalent volume of
solution. However, it must be noted that the molar-molal conversion using water
density alone is an imprecise methodology, if the water composition is changing. This
is because changing solute concentrations can modify the solution volume due to the
effects associated with partial molar volumes of solutes (Millero, 1971).

The solute mass-conservation equation can be reformulated to conserve chemical
elements. This approach makes use of the fact that the total mass of an element in pore
water is equal to the sum of the element in all of the solutes,

e� � �
��1

Na

	���c� (5)
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where e� is the quantity of element � and 	�� is the stoichiometry of element � in
aqueous species �. By combining equations (2) and (5), evolution of elemental mass in
the water, per unit volume of porous media, is written as

�e�

�t
� �

��1

Na

	���
�c�

�t

� �
��1

Na

	����D��
2c��� ���(c� �u) � �


�1

Nf

	�
F
 � �
��1

M

	��A�G��. (6)

This transformation produces Ne number of elemental mass-conservation equations
from Na number of solute mass-conservation equations.

Elemental mass is neither lost nor created through the Nf number of fast
reactions. Therefore, the net change of an elemental mass through the fast reactions is
zero, and equation (6) simplifies to

�e�

�t
� �

��1

Na

	����D��
2c� � � �� � (c� �u) � �

��1

M

	��A�G��. (7)

Separating out the reaction term from the mass-transfer terms, and recognizing that
the dot product of the two stoichiometric matrices formed by elements in solutes 	��

and solutes in minerals 	�� produces a stoichiometric matrix describing elements in
minerals 	��, equation (7) is further simplified to

�e�

�t
� �

��1

Na

	��[�D��
2c� � � �� � �c� �u
] � �

��1

M

	��A�G�. (8)

Note in particular, that even as the conservation equations have been rewritten to
account for chemical elemental mass evolution, these equations are to be used to solve
Na number of aqueous solute species concentrations. Therefore, to solve the water-
rock interaction system consisting of Na number of solute species, one constructs Na
number of equations using Ne number of elemental mass conservation equations (eq
8) and Nf number of fast reactions (eq 3). Furthermore, as the point is demonstrated
in the examples, a geochemical problem consisting of Na number of solutes is
constrained exactly by Ne number of elemental equations and Nf number of equilib-
rium reactions.

For a system consisting of Na number of solute species, the system of equations
that consist of the same number of equations are solved using a numerical iterative
method. To accomplish this, the Ne number of partial differential equations must be
discretized for time and space. Presented in the following section is the procedure for
discretizing and solving the system of equations using a Newton-Raphson iterative
method.

discretization and numerical method
The sequential iterative scheme shown in figure 1 is a schematic representation of

the numerical method used to construct a simulator that implements the methodology
presented in this paper. Temperature distribution, water flow, water-rock interaction,
and textural models are solved separately, but iterated within any given timestep to
achieve convergence. The stiffness posed by the mass conservation equation requires
that the water-rock interaction to be treated as a zero-dimensional problem, implying
that the property of each computational node must be solved individually.
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Start Simulation

End Simulation

N

error

End of geologic history?
Y

Approximate new timestep

Update boundary conditions

Texture module
Modify mineral grain geometry and volume
using reaction rates; modify sediment properties
(porosity, permeability, density, etc.)

Water-rock interaction module
Solve discretized conservation equation for
each numerical node individually; solve solute 
concentrations, elemental mass evolution, 
and reaction rates

Convergence check

Discretization module
Set mass-transfer term coefficients A and B 
of discretized conservation equation

Output

Setup the simulation problem: 
domain, chemical, and physical data

Set or solve temperature and 
fluid pressure (and velocities) 

error Convergence check

Fig. 1. Schematic diagram representing the iterative numerical method used to construct the forward
time-stepping water-rock interaction and reactive-transport simulator used herein. (A) Hydrodynamics,
water-rock interaction, and textural evolution are solved in separate modules or program functions for each
timestep. The modules are solved iteratively until consistent solutions to all variables are achieved. (B) To
preserve tight coupling between mass-transfer and reactions, water-flow velocities obtained from hydrody-
namic module are used to form discretized mass-transfer coefficient matrices that are in turn used in the
water-rock interaction module. Compositional and textural evolution is based on reaction rates calculated in
the water-rock interaction module.
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In this section a discritization that allows a precise formulation of mass-transfer
contributions toward achieving solutions of the elemental mass-conservation equations
is described. As shown in figure 1, fluid flow velocities, temperature, and other
extrinsic properties must be resolved prior to invoking the water-rock interaction
module. Subsequent to the water-rock interaction resolution, a textural model uses the
mineral reaction rates obtained to modify texture and composition of minerals.

To preserve the tight coupling between mass-transfer and water-rock interaction,
the elemental mass-conservation equation (7) is discretized in space and time as

e�(t � �t) � e�(t)�i,j,k � �t� �
��1

Na

	��(A��i�1,j�1,k�1 � B�c��i,j,k) � �t �
��1

M

	��A�G��
i,j,k

(9)

where A and B are constants produced from the discretization of diffusive and
advective mass-transfer terms of the mass-conservation equation, and i, j, and k are
indices of computational nodes along the x, y, and z axes, respectively. In this
formulation coefficient A is a constant that describes the effects of solute concentra-
tions of the neighboring nodes. Since each node is solved individually, this treatment is
mathematically correct. By contrast, coefficient B describes the physical attributes of
the node being solved. The effect of changing neighborhood node concentrations is
incorporated into the system of equations by iterating the discretization and the
water-rock interaction resolution modules as shown in figure 1. Thus, the iteration
scheme consists of (1) obtaining A and B coefficients given fluid flow velocities, (2)
solving the discretized elemental mass conservation equation (eq 8) along with
equilibrium reaction expressions, and (3) iterating this sequence until the solution
convergence criteria is achieved (fig. 1).

Coefficients A and B are obtained by writing out the discretized form of the
conservation equation for the numerical method used to solve the system of equations,
and gathering the parts of the mass-transfer terms that contain the concentration
variable c. For example, when a one-dimensional regularly spaced finite difference
method is used to solve the mass-conservation equation, the discretized mass-transfer
term of equation (7) (using up-winding for positive flow rate) becomes

e�(t � �t) � e�(t)�i � �t� �
��1

Na

	���D�

c�,i �1 � 2c�,i � c�,i �1

(�x)2 � ux

c�,i � c�,i �1

�x 	
� �t �

��1

M

	��A�G��
i

(10)

where �x is the grid-spacing. Rearrangement of this equation produces c�,i dependent
and independent coefficients A and B, respectively, as

A�,i � D�

c�,i�1 � c�,i�1

(�x)2 � ux,i

c�,i�1

�x
(11)

B�,i � D�

�2
(�x)2 � ux,i

1
�x

. (12)

Solute concentrations satisfying the elemental conservation (eq 7) and equilib-
rium conditions (eq 3) are achieved by solving Ne number of equations (8) and Nf
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number of equilibrium reaction equations (3) simultaneously. This system of Na
number of equations is solved using an iterative matrix solution approach, such as a
Newton-Raphson method, combined with an efficient matrix reduction routine, such
as Gauss-Jordan matrix reduction method with partial- or full-pivoting or LU decompo-
sition (Atkinson, 1988; Press and others, 1992). The Newton-Raphson method can be
expressed generally as

�c p�1� � �c p� � �f ��c p
��1�f �c p
� (13)

for the solute concentration variable c, numerical iteration counter p, and where two
right-hand terms are residual (evaluated result of an equation) f(cp) and inverted
Jacobian matrix of derivatives of the equations f �(cp). The single and double under-
lines indicate vectors and matrices with length Na and dimension (Na � Na),
respectively. As solute concentrations are being solved, evolution of elemental masses
are embedded in the residual terms. In effect, even as the water-rock interaction
problem posed by equation (8) is to solve for evolving elemental mass, they are treated
as constants in the numerical system that solves for solute concentrations. Thus, as
concentration variables are solved according to the convergence criteria

errc � max�c�
p�1

c�
p � 1	 � 10�6 (14)

elemental mass evolution is also resolved simultaneously to achieve

erre 
 min�e�
p �1

e�
p � 1	 � 10�6. (15)

The convergence criteria are determined by trial and error.
Simulation timestep can be constrained at the beginning of each timestep

iteration using the Courant-Friedrichs-Lewy condition (Courant and others, 1928) on
flow velocity and diffusion rate limits,

�t �
�x
ux

and �t �
��x
2

max�D�)
, (16)

as well as solute concentration evolution rate limit

�t � min� �c�

	�A�G�
	 (17)

for all solutes and corresponding reactions over all of the computational nodes. The
goal here is to find the largest timestep that conforms to equations (16) and (17). The
criteria of equation (16) are necessary for computational stability. Equation (17) is
however more useful for avoiding oscillatory conditions from arising when one or
more solute concentrations change too fast. Typically a solute concentration should
not be allowed to change more than 5% within any given timestep.

kinetic reaction rate law
The kinetic reaction-rate term G� of equations (1), (2), and (8) consists of two

components: an Arrhenius temperature-dependent expression for reaction rate con-
stant and a mass-action expression. A physico-chemical kinetic rate law can be written
as

G� � k�,diss� �
��1,
	�� �0

Na

a�
�	��

1
K�

�
��1,
	�� �0

Na

a�
	��	 (18)
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where k�,diss and K� are dissolution rate constant and equilibrium constant of mineral
�, respectively. The quantity within the bracket is the mass-action component, with the
first and the second product-multiple terms accounting for reactant and product
species contributions, respectively. When water is supersaturated with respect to a
mineral the value of G� becomes negative. The extent of saturation also determines the
magnitude of the mass-action term.

The Arrhenius expression of the temperature dependence of the dissolution rate
constant ki,diss in equation (18) is

k�,diss � k�,o exp��Ea�/RT 
 (19)

where k�,o is the theoretical high-temperature limit of the dissolution rate constant,
Ea� is the activation energy, and R and T are the gas constant and pore water
temperature, respectively. The activation energy of the reaction describes a thermal
threshold the reactants (molecules in the solid mineral state) must overcome to
become products (solutes in the solvent) (Eyring, 1935).

Most reaction rate laws used in the geochemical literature are variants of the
reaction rate law as written in equation (18), and reflect their adaptation to experimen-
tal and/or observational attributes. Such rate laws include, but are not limited to,

G� � k�,diss�1 �
Q
K�
	 (20)

G� � k�,diss�H��n�1 �
Q
K�
	 (21)

where Q, often called the saturation quotient or ionic activity product (IAP), is
equivalent to the second product-multiple term of equation (18). Equations (20) and
(21) also assume that the water is sufficiently dilute and therefore first product-
multiple term is unity. The value of n in equation (21) is empirically fit to experimental
data and indicates the reaction rate dependence on the pH of the water. Rate laws (20)
and (21) are equivalent to equation (18) when the solutions are dilute. Equation (20)
and equation (21) are equivalent when the stoichiometry of H� is zero on the reactant
side of a reaction. Therefore, a general rate law in the form of equation (18) allows
more flexible and accurate treatment of chemical reactions between minerals and
solutes.

diffusion and related mass-transfer processes

Fick’s first and second laws describe diffusive flux Ja of a solute species due to
concentration difference over a fixed distance and time, respectively, through the
relationships

J��
��D�

�

dc�

dx
,

dc�

dt
�

�D�

�

d 2c�

dx 2 (22)

where D� is the species-specific diffusivity coefficient and � is the tortuosity factor.
Treatment and definition of tortuosity is variable among authors, thus it was not
included in the discussion of conservation equations. This article adopts the conven-
tion whereby it is written as a constant in the denominator. In general it is a measure of
the ratio of the pore connectivity length to the sediment sample length and thus its
value is always greater than 1. Diffusivity of a solute ion is also temperature dependent
(Robinson and Stokes, 1959). Table 1 lists a compilation of individual diffusivities
(from Boudreau, 1996) for a select number of solutes as functions of temperature.
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Another fundamental process that can compete with or complement diffusive
mass-transfer processes is mechanical dispersion of solutes. The effect of mechanical
dispersion increases with increasing water flow velocity. Dispersion competes with
chemical diffusion when the Peclet number of a system is greater than 0.4 (Bear, 1972;
Ovaysi and Piri, 2011). The Peclet number of solute � for the longitudinal flow along
the x axis is

Pe� �
uxlc
D�

(23)

where ux and lc are flow velocity and characteristic length, respectively. The effect of
dispersion can be included in the diffusion mass-transfer term by replacing the solute
diffusion coefficient, D�, with diffusion-dispersion coefficient D*� that also includes the
effect of dispersion,

D*� � D� � kLDPe� (24)

where kLD is the ratio of longitudinal dispersion to diffusion. A compilation of kLD, as
well as a more comprehensive review of dispersion, can be found in Ovaysi and Piri
(2011), and in the references provided therein. The formalism presented herein does
not account for mechanical dispersion.

Molecular diffusion of solutes with varying mobility can also produce ionic charge
imbalance in the water that in turn produces electrical field difference. In response,
ions of opposite charge must move in the same direction as the fast-moving ions
(Robinson and Stokes, 1959). However, quantification of electrochemical potential-
driven diffusivity of solutes in a multi-species solution poses a number of difficulties.
Mathematically, the transport mechanism by which the ion movement can be de-
scribed is not unique (Robinson and Stokes, 1959) and not trivial. Furthermore, the
response of polar water molecules to the charge imbalance is also non-trivial. There-
fore, this phenomenon is not addressed in the formalism presented here. As a
consequence, net charge of the solution can drift away from neutral as simulations
progress. As it will be shown in the second simulation example, the extent of charge
imbalance that results is several orders of magnitude smaller than the ionic strengths
of the interacting waters. It should also be noted that the formalism presented in this

Table 1

Species-specific diffusivity (D) properties of select solutes

Temperature (Celsius) dependence is expressed by D � 1.0 � 10�6 (Tc � Tf T) (cm2/sec). Resultant
diffusivity at 65 °C are shown. The equation, and coefficients Tc and Tf that are obtained by fitting the data to
the linear equation, are from Boudreau (1996).
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article accurately conserves charge in closed-system cases, to the limit of the solute
convergence criteria (eq 13).

water-rock interaction model and application examples
To demonstrate the utility of the elemental mass-balance and tightly coupled

mass-transfer and reaction formalism presented herein, a quantitative 1D model
(acronym Sym.8) is prepared and applied to two geological water-rock interaction
problems. The program is based on the sequential iteration method discussed above
using a finite difference method.

In the following examples constant-temperature and constant-flux conditions
were used. Given a constant-flux condition, pore water flow velocity is calculated from
imposed flux using the simple relationship

Jwater � �u (25)

where J and u are water flux rate (volume/area-time) and its pore water velocity,
respectively.

Tortuosity of sediment, used to modify the diffusion coefficient of equation (20),
is assumed constant (� � 3.75) in the following simulations based on the numbers
provided by Domenico and Schwarz (1998). This value is the average of tortuosities of
both example cases, obtained using the Archie’s equation (Archie, 1942)

� � �1�
 (26)

where 
 is an adjustable exponent (Boudreau, 1995, 1996). The empirically fit value of
the adjustable exponent reported by Boudreau (1996) is 2.14 � 0.03. To produce the
largest values of tortuosities, the exponent value of 2.17 was used to obtain tortuosities
of 3.41 and 4.09 for the first (porosity 35%) and second (porosity 30%) example cases,
respectively. The average of the two values is 3.75.

Porosity and surface areas of minerals for equation (6) are computed using a
simple geometrical model. The model allows sediments and rocks to be described as
composite porous media that follow the conservation relationship

� � 1 � �
i�1

M

Vi (27)

where Vi represents volume fraction of i-th mineral. Approximating that minerals are
spherical, each can be described using two parameters, grain radii (R�) and number
density (��). From these total surface areas and volumes of the minerals per unit
volume (/cc) of the sediment can be calculated from

A� � ��4�R�
2, V� � ��

4
3

�R�
3. (28)

Changes to grain radii from time t to (t � dt) can be obtained by solving for the variable
R�,t��t in the equation

�V� � �tG�A�,t � ��

4
3

�(R�,t��t
3 � R�,t

3 ). (29)

Permeability can be evolved with porosity and grain surface area. However, the
example cases presented here are carried out using constant effluent flux conditions,
which does not require permeability. Therefore, discussions on the incorporation of
permeability equations into the model are not considered here.
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Iron-oxide Precipitation in a Diffusive-Reaction System
Iron-oxide concretions and nodules are common features in Lower Jurassic

Navajo Sandstone of southern Utah (Chan and others, 2000). Based on extensive field
work and simple mass-balance calculations, Chan and others (2000) hypothesized that
the iron was sourced from trace amounts of iron-oxide coating the sand grains and that
the iron was liberated when it was exposed to reducing fluids moving upward from
deeper reservoirs. Numerical simulations using the methodology presented here,
along with laboratory experiment results, were presented in Chan and others (2007) in
support of the proposed hypothesis. This geologic example is used herein with
different boundary conditions and domain configuration than those presented in the
Chan and others (2007).

The set up of the simulations is shown in table 2. The domain is a five-meter long
sandstone consisting only of clean quartz grains of uniform spherical size. The
chemical system is described by four elements (Si, Fe, O, and H). The fifth pseudo-
element, O2, was added to the system to simplify the redox process described by the
hematite dissolution reaction (table 2), which is produced by combining

Fe2O3�s
 � 6H�aq

� � 2Fe�aq


��� � 3H2O�l 
 (30)

and

Table 2

Chemical and physical properties of minerals, solutes, and reactions used in the patterned
hematite precipitation example
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Fe�aq

��� � 0.5H2O�l 
 � Fe�aq


�� � H�aq

� � 0.25O2�g
. (31)

This simplification approach allows the solutes Fe��� and O2(g) to be excluded from
the chemical system. Thus, by introducing a pseudo-element O2 that represents O2(aq),
the chemical reaction network has been made simpler, the immediate benefit of which
is the reduced stiffness of the Jacobian matrix (see eq 13), and therefore reduced the
computation time required to carry out the simulation.

No hematite is present at the beginning of the simulation. The water in the
fracture is slightly below equilibrium with respect to hematite at water pH 5.0, whereas
the resident water is slightly below equilibrium with respect to hematite at an oxygen
level of 1�10�8 M and water pH of 6.8. The difference in the water pH values results in
higher Fe�� concentration along the fracture than that in the resident water. Thus,
the left and right boundaries are subjected to waters enriched in Fe�� and O2(g),
respectively. Iron-oxide precipitation occurs when Fe�� infiltrates into sandstone and
interacts with the oxygen-rich resident water.

A series of simulations were performed with varying water fluxes to produce water
flow velocities of 0.0 up to 100 cm per year. To simulate a nucleation barrier
(threshold), hematite nucleation is assumed to occur when the saturation state of
hematite is 50 percent above equilibrium saturation. When this nucleation threshold is
exceeded, a fixed number per unit volume (number density) of hematite nucleates.
The number density used in the simulations is 3.5�105 grains/cc, an approximation
based on the number of fine sand grains in a unit volume of sandstone. The nucleating
grain radius is set at 3.5�10�8 cm, which approximates the size of a cluster of hematite
crystals whose unit volume is 302 Å3 (Deer, and others, 1966).

Figure 2 shows the evolution of nucleation sites as a function of time. In this and
subsequent figures, the saturation of water with respect to hematite is used to indicate
the state of water reactivity. Once the nucleation threshold value is achieved at any
point in the sandstone, there is a rapid depletion of solute from water at that point.
This is accompanied by diffusive influx of solutes from the immediate surroundings,
resulting in reduced reactant concentrations and mineral saturation adjacent to the
nucleated hematite.

In the simulation shown in figure 2, the first cluster of precipitation forms along
the fracture boundary due to the high saturation achieved when the Fe-enriched water
enters the sandstone. The immediate consequence of hematite precipitation along the
margin is the depletion of oxygen in the sand, as shown in figure 3, and decreased
hematite saturation (fig. 2). Continued diffusive influx results in increased saturation
until the second nucleation occurs (up-arrow, fig. 2). This process continues until a
series of nucleations occur away from the fracture margin. Simulations were run for
short time periods (10’s to 100’s of years) due to extremely small timesteps (in the
order of seconds to minutes per iteration). Volume fraction of iron oxide nodules
precipitating during the simulation period is far less than 1 percent, thus not included
in the results shown.

Diffusion alone can supply only a limited quantity of Fe through the fracture
surface. However, it is also plausible that advective infiltration of water into the
sandstone would be occurring when water is flowing in the fracture network, which
would result in a greater quantity of solutes entering the sandstone. The consequence
is that nucleate distribution pattern changes significantly with varied advective infiltra-
tion rate (fig. 4). As water flow velocity increases, a greater number of nucleation sites
form further into the sandstone. Figure 4D shows that water flow velocity of 100
cm/year is insufficient to counter the diffusive infiltration of oxygen from the right
boundary. High rate of diffusion results from the combination of the species-specific
diffusivity coefficient and the chemical potential gradient prevailing between right and
left boundaries. As a result, hematite precipitation continues unabated throughout the
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sandstone even as the nucleation precipitation front advances inward. Predictably,
with increasing water flux and therefore quantity of Fe imported, an increasing
number of nucleation sites is produced.

Ultimately, the hematite nucleation and distribution pattern depends on diffusive
and advective mass-transfer processes that supply the solutes, and the reaction mecha-
nisms that consume the solutes. While the advection rate is an imposed condition,
reaction and diffusion rates are interdependent (nonlinear) processes that can modify
each other’s behaviors. In effect, the formalism presented successfully captures the
nonlinear competition between the rate of supply and the rate of consumption of
solutes, and the ensuing self-organizing process. While the theoretical model for a
similar reaction-diffusion was proposed earlier (Ortoleva and others, 1987; Ortoleva,
1994), the formalism and the field application presented here and in Chan and others
(2007) are the most comprehensive to date.

Interaction of CO2-charged and Formation Waters in a Saline Reservoir
The second example simulates the interaction between CO2-rich water evolved

from the mix of CO2 injected into a siliciclastic saline reservoir, and the resident
formation water. This example involves a greater number of solutes (16) than the first
example. It addresses the types of water-rock interactions that may occur during
carbon sequestration in geologic formations. While field applications call for multi-
dimensional multi-phase fluid flow and heat transfer modeling, this example simula-
tion focuses on the interaction of CO2-rich water and the resident sediment far from
the injection port, beyond the region where supercritical and liquid CO2 phases
dominate. It is intended to characterize the response of siliciclastic minerals to
changing water pH induced by the injected carbon.
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Fig. 2. Saturation patterns within the first meter of a 5 meter-long simulation domain at five different
simulation times. In this simulation, water rich in Fe�� and depleted in O2(g) is entering the sediment from
the left by diffusion only. The suppressed saturation level propagating inward (right-arrow) is due to
diffusive depletion of oxygen (see fig. 3B). First precipitation of hematite at the left boundary occurs
instantaneously when the water enters the sediment. Second precipitation at 0.08 meters (up-arrow) occurs
between 0.296 and 0.3 years, after the saturation has reached the nucleation thresh-hold of 1.5 (50% above
saturation). Drop in the saturation from 1.5 to 1 is a result of rapid hematite precipitation, which also
depletes Fe�� and O2(g) from water in neighboring sediments and suppresses hematite precipitation there.
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This simulation example is loosely based on published information from the
South Liberty oil field injection pilot study in the Frio Formation, Gulf of Mexico
(Kharaka and others, 2006). As shown in table 3, a 50 meter-long segment of a
reservoir is subjected to effluent flow rate of 100 meters per year and six minerals
characterize the sediment. The resident pore water before the injection is based on the
typical composition of known Gulf of Mexico sandstones (Land and Macpherson,
1992). The effluent is the same water but with higher alkalinity to mimic the CO2
charging that results from the interaction of CO2 and the formation water closer to the
CO2 injection port. To track the location of the sweep front (interface where CO2-rich
effluent is displacing formation water), the Fe�� concentration of the effluent (a
solute not partaking in any reaction) is set at a higher value than that of the formation
water. The configuration and duration of the numerical experiments are not precisely
comparable to the field test results reported by Kharaka and others (2006). Nonethe-
less, the numerical simulation results do show geochemical traits that are consistent
with the field observations.

The result of the simulation at 0.25 years of simulated time is shown in figure 5. All
of the solutes shown, in particular H� and bicarbonates, produce complex patterns
across the sweep front. This phenomenon is associated not only with the water-rock
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Fig. 3. Concentration profiles of Fe�� (A) and O2(g) (B) at four simulation times show diffusive
infiltration of Fe�� into the sediment and progressive depletion of O2(g) with time. Precipitation of hematite
at two nucleation points are insufficient to deplete all available Fe��, implying that diffusive mass transfer rate
is greater than precipitation rate. Oxygen abundance is orders of magnitude greater than that of iron, thus
hematite precipitation is limited by availability of Fe��.
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interaction immediately behind the sweep front, but also due to diffusive mobility of
the solutes. Thus, as the CO2-rich water is displacing and mixing with the formation
water, a series of complex diffusion and reaction fronts are forming in the vicinity of
the sweep front (fig. 5A).

In figure 5B saturations of minerals are shown. The general trend is for all
feldspars to become strongly undersaturated in the acidic water behind the sweep
front, the immediate effect of which is to make the water extremely highly saturated
with respect to kaolinite. The low pH of the water also suppresses calcite saturation
behind the sweep front, even as additional Ca is released from the dissolving feldspars.
Saturation is used to indicate the reactivity of minerals instead of mineralization rates,
since the latter can change depending on available reactive surface area.

As discussed earlier, the solution ionic charge can drift from the neutral as solutes
move with varying diffusivities. Figure 5C is a profile of net charge across the simulation
domain. The inlet and formation waters have zero net charges that were achieved by
adjusting concentrations of Cl� (table 3). The zone of charge imbalance occurs as
different solutes migrate at different rates, according to their unique diffusive proper-
ties and concentration gradients. The net charge imbalance occurring is therefore the
combined effect of all solutes involved. Considering the higher diffusivity property of
Cl�, and its concentration that is higher by at least two orders of magnitude than other
solutes, and the abundance of Cl� in natural waters, the charge imbalance can be
addressed primarily by including a simple electrochemical mobilization term to the
diffusivity of Cl�.
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Fig. 4. Hematite saturation patterns within the first meter of a 5 meter-long simulation domain at four
different fluid flow rates. In these simulations, water rich in Fe�� and depleted in O2(g) is advecting into the
sediment from the left. Increasing advective infiltration rate of Fe-rich water results in progressively greater
quantity of hematite precipitating and the formation of precipitation patterns. (A) In diffusion-only system
only a limited precipitation pattern emerges as diffusion alone can only provide a limited quantity of Fe��.
(B) A regularly periodic pattern emerges at a moderate infiltration rate. (C), (D) Complex patterns emerge
at higher infiltration rates, and eventually result in hematite precipitating throughout the sediment within
first 0.2 years. Even at a 1 meter/year flow rate, oxygen is able to diffuse upstream and produce hematite
precipitates throughout the sediment.
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Table 3

Chemical and physical properties used in the example of CO2-charged water and
formation water interaction
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Fig. 5. Concentration profiles of select species (A), mineral saturations (B), and net ionic solution
charge balance (C) at a simulation time of 0.25 years show complex reaction front develops when CO2-rich
water is forced into a sandstone reservoir. Effluent flow rate (pore velocity) of 10 meters/year is imposed. (A)
Sweep front marks where CO2-rich effluent is displacing formation water, and is identified by a shift in Fe��

concentrations at around the 30 meter mark. Displaced H� and bicarbonates ahead of the sweep front is due
to diffusive flux of H� exceeding the rate of effluent flow rate; bicarbonate species variation is due to
complexation reactions. For brevity, concentrations of Na�, K�, and SiO2(aq) are excluded, since they show
negligible changes across the simulation domain. (B) Under low acidic condition produced by high CO2
concentration, all feldspars, calcite, and illite become highly undersaturated (saturation � 1), resulting in
supersaturation of quartz and kaolinite (saturation � 1). (C) Differences in solute diffusion properties result
in variable ionic charge of the solution where the two waters interact. The resulting net charge discrepancy is
orders of magnitude smaller than concentrations of most dominant solutes, Na� and Cl�.
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The evolution of a diffusion front ahead of the sweep front provides an insight
into the findings from the Frio Formation CO2 field test. Kharaka and others (2006)
indicates that when CO2 was injected into the formation, the monitoring well showed
increased acidity and bicarbonate prior to the arrival of the CO2 sweep front.
Furthermore, the Frio Formation test suggested an increase in concentrations of
cations not typically associated with sandstones (such as Fe and Mn), suggesting that
the acidic water may have interacted with shales (Kharaka and others, 2006). This
observation is consistent with the expectation that a significant quantity of solutes, in
particular H�, may have infiltrated diffusively into the shale to cause enhanced clay
reactions. A similar trend of water pH and alkalinity shift before the arrival of the CO2
front has been observed elsewhere (Takacs and others, 2011).

The diffusion front that forms in advance of the sweep front is transient, thus it
may be of minor importance to the reservoir integrity. However, it is possible that the
reduced pH and higher bicarbonate concentrations within the diffusion zone may
have an important implication on mineral surface wetting properties as well as surface
tensions of residual oil and imbibed CO2 liquid and/or supercritical phase droplets.
Sufficient evidence in favor or to the contrary of this conjecture is lacking in the
literature, even as pH and other solute’s effect on oil and gas droplet behaviors have
been documented (Carre and Lacarriere, 2006; Espinoza and Santamarina, 2010).

discussion

The water-rock interaction and reactive-transport methodology presented herein
uses elemental mass conservation equation and tight coupling between mass-transfer
and reaction terms of the conservation equation. The approach contrasts with the
conventional method of solving solute species mass-conservation equations using
loosely coupled mass-transfer and reaction processes. The two examples provided show
the extent of the methodology’s utility. The simulator can model extremely fast
redox-type reactions as well as engineering and geologic time-scale problems. This
flexibility is achieved by implementing only the first-principle expressions of the
conservation equation and associated processes in the simulator.

Capturing the nonlinear feedback between fluid flow and sediment heterogeneity
requires a carefully designed and implemented textural model. For human time-scale
problems that do not involve extensive sediment textural and compositional alteration
an accurate heterogeneity model with accurate porosity-permeability description may
provide sufficient feedback between flow and sediment heterogeneity. For problems of
geologic time scale, or those involving extensive alteration to sediment composition
and texture, the textural model must be able to provide sufficiently accurate textural
alteration feedback that is consistent with the extent of mass-changes dictated by the
water-rock interaction model. Since there is no theoretical means to determine the
accuracy of a textural model, it can only be achieved by calibrating the model with
observable geologic or experimental data. The examples shown in this paper did not
require an elaborate texture model, since insignificant textural modifications were
observed within the simulation period. A more comprehensive example will be given
in the follow-up paper to this one that describes two-dimensional pattern formation
associated with total dolomitization of shallow-buried limestones.

conclusion

Existing continuum-based water-rock interaction models solve solute conservation
equations. An alternative methodology is presented that uses elemental mass conserva-
tion equations. Other important differences between the existing and the proposed
methodology include the solute-specific diffusivity and clearly defined tight coupling
between mass-transfer and reaction terms of the conservation equations. The pro-
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posed model also achieves greater clarity and simplicity over existing methodologies
on how the systems of equations are constructed.

The utility of the methodology is demonstrated by two simulation examples, one
involving a redox-type hematite precipitation in a diffusion-reaction system, and the
other involving an engineering-time scale problem of injecting CO2-rich effluent into a
saline reservoir. In both examples diffusive mass-transfers are found to be important
facets for inducing patterns or dissipating reactive solutes.
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