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AR'I'. LII. - On the Relative Accltmc,ll of Dftferent Methods of 
Determilting the Solar Parallax; by WM. HARKNESS. 

[The substance of this paper was read before the American Association for the 
Advancement of Science, at Cincinnati, August, 1881.] 

THE object of this paper is to compare the various methods 
of determining the solar parallax, and to show that the photo­
gl'aphic method employed by the United Stutes Transit of 
Venus Parties in 1874 is among the most accurate known, and 
should not be neglected in observing the transit of 1882. 

The following notation will be employed in algebraic formulre: 

a =mean distance of the earth fl'om the sun. 
ft, =that distance between the earth and the sun which would 

satisfy Kepler's third law. 
Ct. =mean distance of the earth from the moon. 
c =a constant such that cp=p,. 
E =the mass of the earth. 
e =eccentricity of the nioon's orbit. 
e, =eccentricity of the earth's orbit. 
G =observed force of gravity at a point upon the surface of the 

earth. 
k =Gauss's constant for the solar system. 
L =constant of the earth's lunar inequality. 
1 =length of simple pendulum. 
1\1 =the. mass of the moon. 
In =ratio of the mean motions of the Bun and moon =0'07480133. 
P =the coustant of lunar parallax =3422"'7. 
P, =that value of the constant of lunar parallax which would sat-

isfy Kepler's third law. 
p =the constant of solar parallax. 
Q =the parallactic inequality of the moon. 
S =the mass of the sun. 
s =geocelltric latitude of the moon. 
T =length of the sidereal year, expressed in seconds of mean time 

=31,558,1498• 

T,=length of the sidereal month, expressed in seconds of mean 
time = 2,360,591 5'8. 

t =time. 
V =the velocity of light. 
a =the constant of aberl'atioll. 
y = Delaunay's constant, which is approximately sin t (inclination 

of lunar orbit to plane of ecliptiqlle), and the exact value 
of which is 0'04488663. See DTL., vol. ii, 802. 

o =the time taken by light to traverse the mean radius of the 
eal,th'.s orbit. 

j.J. =motioll of moon's node, relatively to the line of equinoxes, in 
365t days. 

y =the heliocentric longitude of the earth. 
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v' =the geoeentrio longitude of the moon. 
P =the equatorial radius of the eartli. 
P, =radins of the earth at latitwle cpo 
(P, =geoeentric latitnde. 
P' =the luni-solar precession. 
n =the constant of nutation. 

In citing authorities the following abbreviations will be used: 

:M Ac = Memoires de l' Acacllimie Royale des Sciences. Paris. 
HAc =Histoire de l'Academie H,oyale des Sciences. Paris. 
CRlI =Comptes ]~endus Hehd01l1adaires des seances de l'Acade-

mie des Sciences. Paris. 
PT1' =Philosophical Transactions of the Royal Society of J.ondon. 
AN n =AstJ'onomische N achl'ichten. 
MAS =Memoires of the, Royal AstJ'Oll01l1ical Society. J.ondon. 
lHNt =Monthly Notices of the Royal Astronomical Society, 

London. 
OPM =Annales de l'Observatoire Imperial de Paris. Memoires. 
WOb=Astronomical and Meteorological Observations made at 

the United States Naval OhRervatory. vVashingtoll. 
PTL =Theorie du Mouvement de la Lune, pal' Jean Plana. 

Turin, 1832. 3 vols. 4to. 
DTL =TheOI'ie du Mouvc1l1ent de la Lune, pal' Ch. Delaunay. 

Paris, 1860-1867. 2 vols. 4to. 

Every known method of determining the solar parallax be-
longs to one or othet' of the following classes, namely: 

I. Trigonometrical methods. 
II. Gravitational methods. 
III. Photo-tachymetrieal methods. 

We will consider them in thei r order. 

Trigonometrical llIetlwds. 

Obse1'vations of Mars, when in opposition to t.he sun, and at 
its least distance from the earth, constitute one of the oldest 
trigonometrical methods of determining the solar parallax. 
There are two ways of making the observations. Either the 
planet is observed on or neal' the meridian, at two stations, 
situated respectively in the nOI·thern and southern hemispheres; 
or it is observed soon after rising, and just before setting, at a 
single station. The first method will be termed the meridian 
method; the secona, the diurnal method. In the meridian 
method the observations may be made either with a transit 
circle, or with a micrometer attached to an equatorial telescope. 
In the diurnal method they may be made either with an equa­
torial telescope, or with a heliometer. 

The values of the solar parallax resulting from some of the 
most noteworthy attempts by the meridian method are as fol­
lows: 
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1672 .• J. D. CaH:->illi (\L\e, viii, 114), _____________ ~-,----- 9"'5 
1751. Lacaille (Eph(~nH~rilles d('~ l\lou\cnWIILti UelesteH 

del'uiH 1765 jnsqn'on 1774. Pal'l~. lntroll. p. 1), 10'38 
1835. Henderl'lon (;\IA8, viii, 103), ___________ - - - - - - - - - - 9'028 
1856. Gilliss awl' Gould (U. S. Ast. Ex. to the South. 

Hemisphere, vol. iii, p. cclxxxviii), __________ - - - 8'495 
18li3. Willuecke (ANlI, Bel lix, s. 26-1), _________________ 8'964 
18G5. E..J. Stone (1\IAS, vol. xxxiii, p. 97), _____________ 8'943 
1865. A. Hall (WOb, 1863, App. p. lxiv), ___________ - - - - 8'842 
1867. Newcom1) (WOb, 1805, App. II, p.22), ___________ 8'855 
1879. Downing (ANn, Bd. xcvi, s. 127), ________________ 8'960 

Thf; following are some of the results f!'Oill the diurnal 
method: 
1672. :T. D. Uassini (MAc, viii, 107), ___________________ 10"'2 
1672. Flamsteac1 (PTr, IG72, p. 5118), __________________ 10. 
1719. Bra(lleyand POllnd (Geliler's Physikaliscbes -W[lI'ter-

bllch, viii, 822), ______________________________ 10·5 
1857. ",V. C. Bond (Gould, AHt .• Tolll'., v, 53), ___________ 8'605 
1877. 1\laxwell Hall (MA8, yol. xliv, p. 121), ____________ 8'789 
1879. Gill (MNt, lR79, vol. xxxix, p. 437}, ______________ 8'78 

Owing to the comparative nearness of the asteroids, and their 
small, well defined disks, it has been thought that the solar 
parallax might be accuratel'y derived from observations made 
upon them in the manner just described for Mars. So far as I 
know, the following are the only attempts which have been 
made in that direction: 

1875. Galle, from Flora (ANn, Bd. lxxxv, H. 2(7), _______ 8"'879 
1877. Lindsay and Gill, from JUliO (Dullecht Observatory 

Publications,vol.ii,211), _____________________ 8'765 

'J'he same method has also been applied to Mercury and 
Venus, but there are great difficulties in the way of obtaining 
satisfactory results from these planets. 

Tnmsits of Venus.-Until quite recently,. astl'Onomel'S have 
believed that transits of Venus fuenish by far the most accurate 
meallS of determiniug the solar parallax. Such transits have 
been observed by three different methods, namely: 1. By 
noting the times of contact between the limbs of Venus and the 
sun. 2. By observing tbe position of Venus upon the sun's 
disk with a heliometer. 3. By photographing the sun with 
Venus upon its disk, and subsequently measuring the photo­
graphs. 

Cantact observ!.ltiorts.-'I'he following are some of the results 
for solar parallax obtained by dilJel'ent astronomers from con­
tact obsel'vutions of the transits of Vellu;;; in 1761, 1769 and 
]874: 
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TRANSIT OF 17 61. 

1 76:l, Homshy (PTr,.1763, p, 494),_ . __ . ___ . ____________ 9/1'73 
1763. SllOrL (1''1'1', 1763, p. 340), _______________________ 8'56 
1765. Pillgl'e (HAc, 1765, p. 32), ______________________ 10'10 
1767. Planmall (PTI', 1768, p. 127), ________________ . ___ 8'40 

TRANSIT OF 1'769. 

1770. Euler (N ovi Uommentarii Ac. Sc. Petropol., t. xiv),_ 8/1'8 
1771. Hornsby (1'1'1', 1771, p. 579), ________ . ___ . _______ 8'78 
1771. Lalande (HAc, 1771, p. 798), ____________________ 8'62 
1771. lVIaskelyne, ____________________________________ 8'723 
1772. Lexell, ______________________________________ .. 8'63 
1772. Pingre (HAc, 1772, p. 419), __________________ . ___ 8'80 
1772. Plallman, ________________ . __ . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 8'43 
1814. Delambre (Ast1'oll. Theorique et Pratique, 1. i, p. 

xliv), _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 8'552 
Du Sejou1' (Traite Analytique des Mouvements 

Apparent des Corps Celestes, t. i, pp. 451-491), __ 8'85 
1832. FelTer (MAS, v, 286),_ .. _________________________ 8'58 
1865. Powalky (Conn. de Temps 1867 Additions, p. 22), __ 8'832 
1868. E. J. Stone (MNt, vol. xxviii, p. 264), ____ .. _. ____ 8'91 

TRANSITS OF 1'761 AND 1'769. 

1835. Encke (Abhand. del' Akad. zu Berlin, 1835, .Math. 
Kl., S. 309), ____________________ . _____________ 8'571 

TRANSIT OF 1874. 

1877. Airy (The Observatory, 1877, vol. i, p. 149), _ _ _ _ _ _ _ 8'760 
1878. 'l'upman (MNt, 1878, vol. xxxviii, p. 455),_ _ _ _ _ _ _ _ _ 8'846 

The large differences in the parallaxes obtained by different 
astronomers from the same observations are due to the circum­
stance that, as the instants of contact are rendered uncertain by 
the intervention of various disturbi.ng phenomena, many of the 
observers record two 01' three different times, corresponding to 
as many different phases which they endeavor to describe, and 
thus the resulting parallaxes are influenced to a certain extent 
by the interpretation put upon these descriptions. The interior 
contacts give better results than the extel'ior ones, but in any 
case the probable e1'l'Or is large. From sixty-one selected ob­
servations of interior contacts of the transit of December, 1874, 
discussed by Col. Tupman (MNt, 1878, vol. xxxviii, 20 on page 
450, and 41 on p. 453), I find the probable elTor of an observed 
time of contact to be ±4B'59, which cOl'l'esponds to a probable 
error of ±0"'15 in the dist.ance between the cente1'S of the sun 
and Venus. Actual errol'S of from twenty to thirty seconds in 
the observed times of contacts are by-no means uncommon. 

Observations with Jzel£ometers.-A few heliometers were used 
in observing the transit of December, 1874, but I am not aware 
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that anything has yet been published wllich suffices to show 
how accurately they will furnish the solar .parallax. 

Pholog?'aphic obse1·vation.9.-For ob~erving the last transit of 
Venus there were used at least two kinds of photoheliographs, 
constmcted upon widel'y different principles. In what follows 
I shall cOllHider only the results yielded by apparatus of the 
kind used by the United States Transit of Venus parties. 

As the reductions of the United States transit of Venus 
observations are not yet quite completed, it is impossible to 
say exactly what degree of accuracy the photographs will give; 
but fortunately the same instruments which were used in De­
cember, 1874, to observe the transit of Venus at Kerguelen 
Island, Hobart Town and Peking, were used in May, 1878, to 
observe the tl'ansit of Mercury at Cambridge, Mass., Washing­
ton, D. C. and Ann Arbor, Mich.; and as the transit of Mercury 
photographs are completely reduced, Rear Admiral John Rodg­
ers, Superintendent of the Naval Observatory, has kindly 
authorized me to make use of the results. They are as follows: 

The total number of plates measured was 119, of which 25 
were made at Cambridge, 30 at Washington, and 64 at Ann 
Arbor. Each plate was measured hy two different persons. 
The errors to be considered are of four different kinds, namely: 
~onstant and accidental errors in measuring the plates, and con­
stant and accidental errors peculiar to each station. 

Each plate having been measured in duplicate, if the posi­
tions of Mercury upon the sun's disk given by the measures of 
the first observer are subtracted from those given by the meas­
Ufes of the second observer, the mean of all the residuals thus 
obtained will be the constant error due to personal equation in 
reading. Its amonnt for each station is 

Cam bridge ____________ _ 
Washington ______ .. ___ _ 
Ann Arbor ____________ _ 

r n altitude. 
-ON'10 
-0'09 
+0'15 

In azimuth. 
-ON'08 
+0'08 
-0'02 

Thus it appears that, for the mean of the three stations, the 
constant error of reading is practically zero. 

H the mean of the I'eadings by tbe two observers is accepted 
as the truth, the probable error of the position of Mercury upon 
the suu's disk,. as determined from a single set of readings by 
one observer, IS 

Cambridge ____________ _ 
Washington ____ . _ _ _ __ _ 
Ann Arbor ____________ _ 

In altitude, 

±0"'18 
±O'19 
±0':!4 

In azimuth. 
±ON'20 
±0'18 
±O'28 

The locus of the average probable error of reading therefore 
lies within a circle whose radius is 0"·21. 
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The corrections founel at eacu station to LeV el'l'ier's tables of 
Mercury, as represen.ted by the British Nautical Almanao for 
1878, are 

Cambridge ___________ _ 
WaE?hingtoD • _________ _ 
Ann Arbor ___________ _ 

H. A. N. P. D. 
+1)8'070 
+0'105 
+0'08:3 

-0"'22 
-0'12 
+0'47 

The correction to the north polar distance, given by the Ann 
Arbor plates, seems to be affected by a systematic errol', but it 
is doubtful if its source can be discovCI'ed because no details of 
the observations were sent to the Naval Observatory, and Pro­
fessor Watson, who made them, is now dead. 

The probable errol' of a position of Mercury depending upon 
two sets of readings made upon a single photograph is 

Cambridge ___________ _ 
Washingtoll __________ _ 
Alln Arbor ___________ _ 

R. A. 

±O"'570 
±0'655 
±0'436 

N.P.D. 

±O"'562 
±0'579 
±0'514 

The probable errors in right ascension having been reduced to 
arc of a great circle. We may infer from the mean of all the 
stations that the average locus of the pmbable error of the 
position of the planet in the heavens is a circle whose radius is 
all'553. 

To exhibit yet more clearly the degree of accuracy attained 
by the photographic method, a table is appended, which in­
cludes all the plates, and shows the num.ber of residuals, both 
in right ascension and north poliu' distance, which fall between 
all'0 and just under 0'1 '2, all'2 and just under 0 '1 '5, etc. In 
tabulating the right ascension residuals it nas been assumed that 
0//2=0·'01, all'5=0·'03, 1//'0=08 '07, 1//'5=0·'10, 2//'0=0·'13. 

I 
Cambridge. Washington. Ann Arbor. 

Limits. 
R.A. N.P.D. R.A. N. P.D. R.A. N.D.P. 

0"'0-0"'2 

I 
3 5 3 7 11 11 

0'2-0'5 5 6 5 6 16 14 
0'5-1'0 10 7 11 LO 29 27 
]'0-1'5 5 4 8 3 5 7 
1'5-2'0 ° 2 2 1 3 5 

2'0 and over 2 1 1 :3 ° 0 

Theory of the Gravitational Methods. 

We begin the consideration of the gravitational methods by 
deriving an expression for the solat' parallax in terms of the 
earth's mass. 
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If l is the length of a simple pendulum which makes one 
vibration in t seconds of mean time, the observed force of grav­
ity will be 

(1) 

The attraction of the eal'th at a point upon its surface in geo­
centric latitude cp is 

k'E 
(2) 

The observed force of gravity is the earth's attractive force 
diminished by the resolved value of its centrifugal force_ At 
the equator the centrifugal force is G-:-289-24, while in any 
other latitude it is G cos cp-:- 289-24; and the resolved part of this 
force acting in the direction of the vertical is G cos' cp-:- 289-24_ 
Equating the earth's attraction to the force of gravity augmented 
by the centrifugal force, we have 

k'E _ G ( cos·rp) -- 1+--
p,' 289-24 

(3) 

Whence, by (1) 
k' p'l ( cos.rp) 
re' = t'E 1 + 289-24 (4) 

If T is the length of the sidereal year, expressed in secoll'ds 
of mean time, and a, is that value of the semi-major axis ot the 
earth's orbit which would satisfy Kepler's third law, we have 

'" _ 4re'(t,· 
I - k'(tj+E) (5) 

Le Verrier has shown that a= 1-000141a ll (OPM, ii, 60, and 
iv, 103)_ Substituting this value in (5), and transposing 

k' 4a" 
re' - 'l"(S+E) (1-000141)" (6) 

Eliminating k and 7! between (4) and (6), and real'l'anging the 
terms . 

S+E 4t'a' 

Jr - IT'p '(1-000141)'(1 + cos.g;) 
I 289-24 

('7) 

Owing to the equatorial bulging of the earth, the points 
which have vi for the sine of their geocentric latitude are the 
only ones upon the surface of the earth at which a pendulum 
will vibrate as it would if the whole mass of the earth were 
concentrated at its center_ For that reason we take sin'cp=i, 
and consequently cos'cp=t_ We also put p,=cp, and a sin p 
=p_ Substituting these values in (7). it becomes 
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4t'rp 

(8) 

The equation sin2~=t, gives ~=35° 15' 52". Adding to this 
the angle of the vertical, 10' 51", the geographical latitncle is 
35° 26' 43", and the cOl'responding value of log cis 9'999515. 
IE we take t= 1", the value of 1 fol' Inti tude 35° 26' 43" is 
0'992732 met.ers."- Snbstituting these values, togethel' with 
T=31,558,149 seconds of mean solar time, amI p=6,378,390 
metGl's, in equation (8), it becomes . 

,(S+E) tJ -E = 22(l,~50,000 (9) 

or 

(10) 

where p is expressed in seconds of arc. 
In connection with equations (9) and (10) the reader may 

compare" Hansen on the calculation of the sun's pamllax from 
the lunar theory," MNt, 1864, vol. xxi v, p. 11; "Darlegllng ner 
theoret,ischen Berechnung del' in den Mondtafeln angewanclten 
StOrungen, von P. A. Hansen," Zweit.e Abhandlung, s, 271: 
"E. J. Stone on the value of the solnr parallax, as deduced 
£rom the parallactic inequality in the earth's motion." MNt, 
1868, vol. xxviii, p. 23; Le Venier, in the ORH, 1872, t. lxxv, 
p. 166, and MNt, 1872, vol. xxxii, p. 322. 

'l'he equation of the parallactic inequality of the moon's mo­
tion, as given by Newcomb from the theories of Pinna and 
Delaunay, is 

1-M P 
Q = 0'24123-i\ii'X-'-I'~( -"1---'-) 

l+m 8m 1-"61n 
(11) 

Substituting the numerical values of P and m, and transpos· 
ing, this becomes 

l+M 
P = [8'837088] Q I-M (12) 

from which p can be found when Q and M are known. The 
quantity within the square bJ'ackets is the logarithm of the 
number which it represents. 

In connection with equations (11) and (12) the reader may 
compare PTL, t. iii, p. 13; D'rL, t. ii, p. 847, equat.ion 3-1:2; 
WOb, 1865, Appendix 2, p. 24; MNt, 1880, vo1. xl, p. 468. 

The lnnal' equation of the earth"~ motion is (OPM, iv, 47) 

M sinp' ,., 
01/ = - -,,' M X -;--I~' X CUS 8 8m (1/ - v) (1:1) n.+ sm 

* Everett Units UII(1 Physical UonstnntR, p. 21. 
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in which p' and P' are the actual values of the solar and lunar 
parallaxes at the instant for which (3)) is required. For any 
given lunation, (3)) will evidently attain its maximum value 
when sin ())' - )))= 1, that is, when the longitudes of the sun 
and moon differ by ninety degrees. If now we have an ex­
tensive series of observed values of (3)), covering man.Y com­
plete revolutions of the moon's node: (3)) will have assumed all 
possible values, the mean of which ~ill be the constant of the 
lunar inequality; p' will have assumed all possible values, the 
mean of which will be the constant of solar parallax; and the 
moon will have had all po~sible latitudes, the llleal) of which 
will be zero. \Vith P' the case will be somewhat different. It 
is equal to the constant of lunar parallax, plus a series of terms 
multiplied by factors maac up of the mean anomaly of the 
sun, the mean anomaly of the moon, the mean distance of the 
moon from its ascending node, alld the difference of the mean 
longitudes of the sun and moon. All these terms, except 
those involving the difference of t.he mean longitudes, will as­
sume all possible values und vanish from the mean. The 
mean of all the values of P' will therefore be, P + terms de­
pending upon the diffel'ence of mefln longitudes of the sun 
and moon.oj(· Turning now to the second volume of Delallnay's 
theory of the moon, we fiud that the onl.Y term of this kind in 
the lunar parallflx is the Due numbered (27), upon page 917, 
and its value is 28//'1788 cos 2D. As we have supposed all 
our observations of (3)) t.o he made when D was 900 , the value of 
this term will be -28//'18, and the mean value of P' will be 
P-28//'18 = 3394"'52. Substituting the mean values thus 
found in (13), and rearranging the terms, we obtain 

(E+M) p = 0'0164564 L ~1 (14) 

In connection with equation (H) the reader may compare, 
Le Verrier, OPM, iv, 100: Newcomb, WOb, 1855, App. II 
p. 28; E. J. Stone, MNt, 1868, vol. xxviii, p. 24. 

The Moon'8 Mass. 

Before the solar parallax can be obtained from eq nations (1~) 
and (14), it is necessar.Y to know the moon's mass. Let ns con­
sider the different ways of determining it. 

'l'be first determination of the moon's mflss was made from 
the tides, by Newton, in 1687. Since then other illvestigators 
have employed the same method, but owing to the theoretical 
and practical difficulties inherent in it, their results have been 
so discordant as to command very little confidence. Perhaps 

* In strictness it should be tho diffel'once of the tl'ue longitudes of the SUD and 
moon. 
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the most trustworthy result is that by Mr. W m. Ferrel of the 
United States Coast Survey, who 'found the moon's mas!' 

fi'om the tides at Brest -77~' and from the tides at Boston 
.14 

1 . 1 
78.64' the most probable mean bmng 77..')' (Jour. Frank. Inst., 

1871, vol. lxi, p. 366.) 
In 1755, D'Alembert determined the moon's mass from the 

phenomena of precession and nutation, but to do this with ex· 
treme accuracy s.eems a difficult matter. The most recent 
attempt is by Mr. E. J. Stone (MNt, 1868, vol. xxviii, p. 43), who 
considers that his equations are accurate to terms of the third 
order in the lunar theory. vVith some changes of notation, 
they are 

in which 

E _ Ma' I 
- Sa,' I 

1]T = Aii+ BUE I 
n = CiiE ) 

!3e' I 
A = 1+-~ I 

:e' 
13 = 1 + 2 - G r' ?-I 

C 2r( e'3 5r') 
= --;; 1 +2 - 2 ) 

(15 ) 

(16) 

Elimiting x and e from the equations (15), and introducing 
the sines of the parallaxes im;teaLl of the mean distances, we 
get 

which becomes 

M _ sin' p.A.f2S 
. - sin'P (CP - BeU) 

M _ [2'411505J A.f2 
- sin' P (C lJF - E.G) 

(17) 

(18) 

b,f s?bstituting the value of. S sin' p fro.m (9). The nUffi?er 
wlthm the square brackets IS the log:mthm of th~ quantIty 
which it represents. Ten must be subtracted from Its charac­
teristic. 

We will take 

y = 0'04488663 
e = 0'05489!)!3 

e, = 0'0167711 
J1 = -190 21' 20" = -0'3:17818 of radius. 

P = 3422"'7 
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The value here given for e is that used by Delaunay (Dl'L, 
ii, 802). The value of P is that found from the Greenwich 
and Cape of Good Hope observations by Breen (MAS, 1864:, 
vol. xxxii, p.137) and E. J. Stone (MAS, 1866, vol. xxxiv, p.16). 
Substituting these values in (16) and (18), the latter equation 
becomes 

1 lJF 
- = 47'0243 -- - 175'705 
lVI .!l. 

(19) 

In connection with equations (18) and (19), the reader may 
compare PTL, t. iii, pp. 25-29; Le Verrier, OPM, t. iv, p. 101; 
Serret, OPM, v, 324; Newcomb, WOb, 1865, App. II, p. 28. 

About 1795 Delambre seems to have detet'mined the moon's 
mass from the lunar inequality of the earth's motion. This 
involves the use of equation (14), but as we propose to employ 
that equation for determining the solar parallax, we cannot 
avail ourselves of it for the mass of the moon. 

Thet'e is yet another way of determining the moon's mass; 
to wit, by comparing the fall of heavy bodies at the surface of 
the earth with the fall of the moon in its orbit. The resulting 
equation will be similar to (~), except that for the masses of the 
sun and earth we must substitute thc masses of the earth and 
moon, and instead of 1'000141 sin p we must employ the par­
ticular value of P which satisfies equation (5) when E+M is 
substituted in it for S+E, and T is taken to be the length of a 
sidereal revolution of the moon, expressed in seconds of mean 
time. Designating these special values of T aod P by Tl and 
PI' we have 

4t'p 

IT' 2 ins P (434'86) 
1 C s 1 433'86 

(20) 

Of the four methods just described for determining the 
moon's mass, that depending upon t.he tides is not sufficiently 
accUl"ate, and that depending upon the lunar inequalit.y of the 
earth's motion is not available, for our pUl'pose. There reo 
main only the two methods represented respectively by equa· 
tions (19) and (20). Let us see what results they give. 

As the luni·solar precession increases continually with tbe 
time, its value is now known very accurately. I adopt for it 
the numbers used by Messrs. Newcomb and Stone (WOb, 
1865, App. II, p. 28; MNt, 1868, vol. xxviii, p. 43), namely 
50"'378. The constant of nutation is much more uncertain. 
The following are some of the best modern va]ues: 

1842. C. A. F. Peters (Num. Con. Nut., p. R7), _________ 9"'223 
1844. C. A. F. Peters (Mem. Ac. So. St. Petersbonrg, 7e 

ser. t. iii., p. 125), ____________________________ 9'216 
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1856. I~eVerrier (OPM, t. ii, p. 17<1), ___________________ 9·23 
1869. E. J. Stone (MAS. vol. xxxvii, p. 249), __________ 9·134 
1872. N yren (Mem. Ac. So. St. Petersbourg, 7e ser. t. xix, 

NO.2) , - - - _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 9·236 

With 1Jf=50"·378, formula (19) gives the mass of the moon 
conesponding to three different val ues of the nutation constant 
as follows: 

D = 9".230 

D = 9".223 

D = 9".134 

1 
M=--

80·96 

1 
M=--

81·15 

M=_l_ 
83·6.'5 

The change in the moon's mass produced by a small change 
in the constant of nutation is given by the expression 

d(~) = - 28·1 dD (21 ) 

In view of the fact that Peters attributed a probable error of 
± 0"·0154 to his most careful determination of the nutation 
constant, and in view of the subsequent widely differing de­
termination by E. J. Stone, it can scarcely be supposed that 
the true value of the nutation is known within ± 0"·02. This 
conesponds to an uncertainLy of ± 0·56 in the reciprocal of 
the moon's mass. 

The length of the sidereal month is 2,360,591·8 seconds of 
mean solar time. Assuming tllC observed value of the con­
stant of lunar parallax to be 3422"·7, Plana's theory gives 
3419// ·62, and Delaunay's theory 3419//·59, for the val ue of Pl. 
I adopt 3419//·6. Substituting these values in formula (20), 

the resulting mass of the moon is _1 -7' and the change in 
81·7 

the mass produced by a small change in the adopted parallax 
is given by the expression 

d(k) = 5·925 dP (22) 

The value of the lunar parallax now generally adopted, de­
pends upon the investigations of Messrs. Breen and E. J. 
Stone. The results of these two gentlemen agree within 
all·01. rrhe probable error of MI'. Breen's result is not stated, 
while that of Mr. Stone's is ± all·049. Nevel'theless, it is not 
unlikely that the parallax may be one or two-tenths of a sec­
ond in error. An error of 0"·1 would produce an error of 
0·59 in the reciprocal of the mass. 
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Probably the moon's mass is about _1_. but it is quite pos-
81'5 

si.ble that this estimate may be in enol' by one part in a hun­
dred. '1'he precession-nutation method is con~idered one of the 
best for obtaining the moon's mass, but equatIons (21) and (22) 
show that neitber it nor the method by the fall of the moon 
in its orbit is likel~ ever to furnish the mass within one part 
in a thousa~d. Throughout all his lunar work Hansen adopted 

a mass of 2 and in what follows I will assume that the true 
80' 

• 1" 1 ] 1 mass lies between tne Im1ts - anc -. 
80 83 

Parallax from Gmvitational .Methods. 

Mass qf the Earth.-In 1872 LeVenier obtained the mass of 
the earth f!'Om the inequali ti.es in the motions of Venus and 
Mars, and 1,he secular variations in the elements of their orbits, 
produced by it j and from the mass thus found he derived the 
solal' parallax by means of an equation si milar to (10). (CHR, 
1872, t. lxxv, pp. 165-172: MNt, 1872, vol. xxxii, pp. 322-
328.) He gave the resulting parallaxes without directly stat­
ing the masses, but it is readily seen that his values were as 
follows: 

(A). From the latitudes of Venus at the moments of the 

transits in 1761 and 1769, earth's mass = _1_. 
325,165 

(E). From a discussion of the meridian observations of 
Ven us in an interval of one hu ndred and six years, earth's 

1 
mass=--. 

324,575 
(0). From observations of the occultation of 1jI' Aquarii by 

Mnrs, October 1st, 1672. earth's mass = -~-. 
. 323,746 

Substituting these values in equation .(10), the resulting 
values of the solar parallax are 

A. 
B. 
C. 

8"'862 
8'8G8 
8'875 

'raking the earth's mass as u nit,)', the change in the parallax 
produced by a change of one thousand units in the mass of the 
sun is given by the expression 

dp = 0'OCJ912 as (23) 

It is difficult to estimate the probable error of the above 
values of tbe earth's mass, but Tisseraml seems to tbink it 
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may be su~cient to affect the parallax by ± 0"'07. (CRR, 
1881, t. XCll, p. 658.) As t.he secular variations of the ele­
ments of the orbits of Venus and Mars inCl'ease continually, 
they will ultimately attain sufficient magnitude to give a very 
exact value of the earth's mass, and then this method will 
furnish the solar parallax with the utmost precision. 

Parallact£c Inequality.-Professor Newcomb found that the 
value of the parallactic inequality of the moon deduced by 
Hansen from the Greenwich and Dorpat observations is 126"'46. 
(WOb, 1865, App. II, p. 28.) 

From 2075 Greenwich lunar observations. made between 
1848 and 1866, MI'. E .• J. Stone found the pai'allactic ineq ual­
ity to be 125"'36±O/l'4; the pl'Obable el'],OI' being estimated. 
(MNt, 1867, vol. xxvii, p. 271.) 

From the Washington lunar observations, made between 
1862 and 1865, Professor Newcomb found the pal'allactic ine­
quality to be 125/1'46. (WOb, 1865, App. II, p. 24.) 

From an extellded discussion of the whole subject, pub­
lished in the MNt, 1880, vol. xl, pp. 886 to 411, and 441 to 
472, Messrs. Campbell and Neison found the observed value of 
the pal'allactic inequality to be (p. 467) either 125"'64±0"'09, 
01' 12-:1:/I'64±O/l'25; the diffel'ellce arising from the admission 
or non·admission into the lunal' theory of a cel'tuin hypotheti­
cal fOI,ty·five year term. 

By substituting these valnes of Q in equation (12) the fol· 
lowing values of the solar pa!'allax result : 

Moon's Mass. iei n i .. -J-:f 

Q= 124"'64 8"'782 8"',80 8"'778 8"'776 
125'36 '833 '83l '829 '827 
125'46 '839 '837 '835 '833 
125'64 '85 L '849 '847 '845 
126'46 8'910 8'908 8'906 8'904 

These parallaxes are but little affecLed by the assumed mass 
of the moon, and depend almost entirely upon the observed 
value of the parallactic inequality, the relation between small 
changes of p and Q being 

dp = 0'071 dQ (24) 

The original observed values of Q are affected by personal 
eqnation, irradiation, blul'ring, and any error which may exist 
iu the adopted semi·diametel' of the moon. It is difficult to 
estimate how thoroughly these quantities al'e eliminated from 
the final result, but the remaining uncel'tainty probably 
amounts to a considerable f!'action of a sccond, 
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Lunar Inequality of the Earlh.-From observations at Green­
wich, Paris and Kamigsberg, made during the periods stated, 
LeVerrier found the following values for the lunar equation of 
the earth: (OPM, iv, 100) 

Green wich _________ _ 

" Paris ____________ .,_ 

" 
Kmlligsberg _______ _ 

'1'he mean is 6"·50±0"·023. 

1816-26 
1827-50 
1804-14 
1815-45 
1814-30 

L = 6/1'45 
6'56 
6'61 
6'47 
6'43 

Professor Newcomb found the following additional values: 
(WOb, 1865,App. II, pp. 25 and 26) 

Greenwich _ _ _ _ _ _ _ 185 J -64 L = 6/1'56 ±O/l'04 
Washington._____ 1861-65 6'51 ±0'07 

With these values of L, equation (14) furnishes the following 
values of the solar parallax: 

Moon'B Mass. _ .1_ _.i _ 1 
lll a "0 U J n-

L = 6/1'50 S/I'604 S/I'770 S/I'S7S S/I'985 
0'51 '67S '784 'S92 S'999 
6'56 S'744 S'S51 S'960 9'06S 

It would seem tbat the olJi;erved VfLlue of L should be quite 
free from systematic errors, because it depends upon observa­
tions of the Hun wbich are always made in the same way. '1' he 
relation subsisting between small changes in the parallax, the 
mass of the moon, fLl1d the eal'th's lunar inequality, are given 
by the eq nation 

elp = 1'36 dL + 0'107 dGl) (25) 

It will be difficult to determine the trne value of L within 
±0"'02, and at present the ul1certaint.y ill the reciprocal of the 
moon's mass is at least ±0·5. With these data the 'probable 
error of p comes out ±0"·06. 

Plwto-tachymetrical Methods. 

'Pheory.-The photo-tachymetrical metbods are quite recent, 
having come into existence about 1850, when Fizeau and 
Foueault made their inventions for measLUillg the velocity with 
which light traverses moderate distances upon the surface of the 
earth. From the velocity of light thus obtained the solar 
parallax may be found by two essentially different methods, to 
wit: 

1st. Deriving from the eelipses of Jupiter's satellites the time 
occupied by light in traversing the mean distance between the 
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earth and the sun, and combining this with the measured veloc· 
ity of light, we have 

- p tanp - VO (26) 

2d. Assuming the ratio of the earth's orbital velocity to 
the velocity of light to be represented by the constant of aber­
ration, and combining that constant with the measured velocity 
of light, we have 

27tp 
tanp - (27) 

- TV tall aV l - e', 
If p and V are eliminated between (26) and (27) we get 

27tO 
tan a = r--- (28) 

TV l-e'. 
which shows the relation between a and fJ. 

For the constants in these equations I adopt 

p =6378'39 kilometers (Col. Clarke's value). 
T=31,558,149 seconds of mean time. 
e, =0'016771 

and the equations become 
p = [9'101;14] (29) 

[7'73269] (30) 
p= aV 

0=[1'38644]£1' (31) 

the quantities within the square brackets being the logarithms 
of the numbers which they represent. In connection with 
equations (26), (27), (28), the readet· may consult Oornu, OPM, 
t. xiii, pp. A 299-A 301. 

Velocity of Light.-'l'he following are the principal experi­
mental determinations of the velocity of light between points 
upon the- earth's surface: 

Kilometers. 
1849. Fizeau (CRH, 1849, t. xxix, p. 90), ______________ 315,320 
1862. Foucault (CRR, 1862, t. lv, p. 796: Recueil des tra-

vallx scientifiqnes de TAolI Foucault, pp.216-2~6), 298,000 
1874. Cornu (OPM, xiii, 293), ________________________ 300,400 
1876. Helmert (ANn, 1876, bel. lxxxvii, s. 126), ________ 299,990 
1879. Michelson (Proc. Amer. Assoc., 1879, pp. 124-160),299,940 
1881. Young and Forbes (Nature, 1881, vol. xxiv, p. 303), 301,382 

Light Equation.-The time taken by light to traverse the 
mean radius of the earth's orbit is commonl.y called the light 
equation, and the)'e are but two determinations of it from the 
eclipses of Jupiter's satellites, namely: 



1792. 

1874. 
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Delambre from more than a thousand eclipses of the 
first satellite (AstrOllOmie par Jerome Ie Fran<;ais 
(Ia Lande) 3me edition. Paris, 1792, t. i, Tables 
astronomiq~les, p. 238. Also, Tables Ecliptiques 
des Hatellites de .Jupiter, par ~J. Delambre. 
Paris, 1817, p. vii, ____________________________ 493s·2 

Gla8enapp (IJlve~tigation of the eclipseR of J upiter'8 
satellites. A dissertation for the degree of mas­
ter of astronomy, by S. Glasenapp. Published in 
the Hussian language, at St. Petersburg, 1874, 
p. 131), ______________ . _______________________ 500'84 

Glasenapp considered the probable error of his determination 
to be ±1"·02. 

Aberration.-The following are the principal determinations 
of the coefficient of aberration: 

1728. Bradley (PTI', 1728, p. 655), ____________________ 20/1·25 
1821. Brinkley (P'l'r, 1821, p. 350), ____________________ 20'37 
1840. Hellderson (MAS, 1840, xi, 248), _________ . _______ 20'41 
1843. W. Struve (ANn, 1843, b(l. xxi, s. 58), ____________ 20'H5 
ISH. C. A. F. Peters (ANIl, HlH, bd. xxii; s. ll9), ______ 20'.503 
18.50. Maclen)" (MAS, 1851, vol. xx, p. 98), ______________ 20'.53 
1861. Main (MAS, 1861, vol. xxix, p. 190), ______________ 20':135 

~'olar Parallax.-The table below exbibits the various values 
of the solar parallax dedueible from the foregoing values of V, 
{} and a by means of equations (2H) and (30)_ I ha\'e rejected 
Fizeau and Foucault's values of the velocity of light on the 
ground that they are merely first approximations, the details of 
which bave never been published; and I bave made no use of 
Helmert's rediscussion of Oornu's value. 'rhe last column of 
the table gives the values of a and {} computed by means of 
equation (31) from the values of {} and a in the first column. 

Velocity of 
Light ____ 299,940 300,400 30],382 

Light equa'n Aberration 
4938 '20 8/1'894 8/1'S80 8/1'851 20/1'26 
500'84 S-758 8'745 8'716 20'57 

Aberration Light equa'n 
20/1'25 8/1'897 8/1'883 8n'854 493 8 '02 

'335 '860 '846 '817 495'09 
'37 '844 '831 '802 495-94 
'41 '827 'S14 '785 496'91 
'445 '812 '799 '770 497'76 
'503 -787 '773 '745 499'19 

20'53 8'775 8'7G2 8'734 4D9'84 
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'l'he relations between small changes in p 0 a and V are 
given by the equations ' " , 

dp = - 0'0177 dO _. 0'0295 dV 

dp = - 0'432 da - 0'0295 dV 

(32) 

(33) 

where f) is in seconds of mean time, a in seconds of arc and V 
in thousands of kilometers. To determine p with a p'robable 
error not exceeding ± 0"'01, the pl'Obable errors of the other. 
quantities must not exceed the following values, namely: 
f), ± 0.840, and V, ± 240 kilometers; 01' a, ±·O"·016, and V, 
± 240 kilometers. Whatever may be said respecting V, it is 
quite certain that our present knowledge of f) and a does not 
approach this degree of accuracy. The probable error of'p 
seems to be at least ± 0" '05. 

The photo-taehymetric method is embarrassed by serious 
theoretical difficulties. 1st. As we are ignorant of the optical 
constitution of' inter-planetary space, we have no sure means of 
passing from the velocity of light at the earth's surface to its 
velocity in space. 2d. 'rhel'e is no rigorous proof that the 
constant of aberration gives the exact ratio of the velocity of 
light to the earth's orbital velocity. 3d. The velocity of light 
is the velocity of transmission of a single wave, while Fizeau's 
an'd Foucault's methods determine the velocity of transmission 
of a group of waves. Lord Rayleigh has shown that these 
two things are not necessarily the same.· If the ordinary theory 
of aberration is accepted the velocity of light to which it refers 
is the velocity of a single wave, while the velocity determined 
from the eclipses of Jupiter's satellites is that of a group of 
waves. (Nature, 1881, vol. xxiv, pp. 382 and 460.) 

Respecting the theor'y of aberration the reader may consult, 
Ann. de Chimie et de Physique, 1818, t. ix, p. 57; Oeuvres 
completes d'AugusLin Fresnel, t. ii, p. 627; Stokes, in L. E. 
and D. Phil. Mag. 1845, vol. xxvii, p. 9; 1846, vol. xxviii, p. 
76; 1846, vol. xxix, p. 6; Klinkerfues, in ANn, 1866, bd. lxvi, 
s. 337; 1868, bd. lxx, s. 239; 1870, bd. lxxvi, s. 33; Sohncke, 
ANn, 1867, bd. lxix, s_ 209; IIoek, ANn, 1867, bd. lxx, 1:'. 

193; Veltmann, ANn, 1870, bel. lxxv, s. 145; Airy, Greenwich 
Observations, 1871, p. cxix; Proceed. Roy. Soc. 1873, vol. xxi, 
p. 121; Vi1larceau, Conn. de Temps, 1878, Additions; Michel­
SOil, this Journal, 1881, vol. xxii, p. 120. 

Oonclusion. 

For convenience of reference the limiting values of the solar 
parallax, found by the various methods described in the fore­
going pages, are presented here. It should be remarked, how­
ever, that in selecting these v:alues the results of all discussions 
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made prior to 1857 have been omit~ed; except in the case of 
the transit of 1761, and the smaller of the two values from the 
transit of 1769. 

1.-Trigonometrical methods. 
J\Iars, meridian observations - - - - - - - - - - -

" diurnal observations ___ - - - - - - - --
Asteroids ___________ - - - - - - - - - - - - - - - --
Transit of Venus, 1761 _______________ _ 

" " 1769 _______________ _ 
" " 1874 _______________ _ 

n.-Gravitational met.hods. 
1\1 ass of the earth ___ - - - - - - - - - - - - - - - - --
Parallactic Inequality ______ - - - - - - - - - - -
T~unar Inequality ______________ - - __ - --

III.-Photo-tachymet.rical methods. 

8"'84 -
8'60 
8'76 
8'49 
8'55 
8'76 

8"'96 
8'79 
8'88 

10'10 
8'91 
8'85 

8"'87 ± 0"'07 
8'78 8'91 
8'66 9'07 

Velocity and Ught Equatiotl ___________ 8"'72 - 8"'89 
Velocity and Aberration _ _ _ _ _ _ _ _ _ _ _ _ _ _ 8'73 - 8'90 

To obtain a definitive value of the solar parallax, it would 
now be necessary to form equations of condition embodying 
the relations between the various elements involved; to weight 
these equations; and to solve for p by the method of least 
squares. But what is the use? It is perfectly evident that by 
adopting suitable weights, almost any value from 8/1'8 to 8/1'9 
could be obtained; and no matter what the result actually was, 
it would always be open to a suspicion of having been cooked 
ill the weighting. We only know that the parallax seems to 
lie between 8/1'75 and 8/1'90, and is pt'obably ahout 8/1'85. 
Attack the problem as we will, the results cluster around this 
centml value. All the methods gi ve a probable error of ahout 
±O"'06, and no one of them seems to possess decided superior­
ity over the others. We have nearly exhausted the powers of 
our instruments, and further advance can only be made at the 
cost of excessi ve labol'. 

In the beginning of the eighteenth century the uncertainty 
of the solar parallax was fully two seconds; now it is only 
about 0/1'15. To narrow it still further, we require a better 
knowledge of the masses of the earth and moon, of the moon's 
pamllactic inequality, of the lunar equation of the earth, of the 
constants of nutation and aberration, of the velocity of light, 
and of the light eq \lation, All these investigations can be car­
ried on at any time, but there are others equally important 
which can onl,Y be prosecuted when the planets come into the 
requisite positions. Among the latter are observations of Mars 
when in opposition at its least distance f!'Om the earth, and 
transits of Venus. 
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In 1874 all astronomers hoped and believed that the transit 
of Venus which occurred in December of that year would give 
the Rolar parallax within 0"'01. 'l'hese hopes were doomed to 
disappointment, and 110W, when we are approaching the second 
tmnsit of the pail', t1lel'e is less enthusiasm than there was eight 
years ago. Nevertheless, the astronomers of the twentieth 
century will not hold us guiltless if we neglect in any respect 
the transit of 1882. Observatiolls of contacts will doubtless be 
made in abundance, but our efforts should not cease with them. 
We have seen that the probable error of a contact observation 
is ±0"'15, that there may alwa'ys be a doubt as to the .phase 
observed, and that a passing clond may canse the loss of the 
transit. On the other hand, the photographic method cannot 
be defeated by passing clouds, is not liable to any uncertainty 
of interpretation, seems to be free from systematic errol'S, and is 
so accnr:1te that the result from a single negative has a pl'Obable 
error of only ±0"·55. If the sun is visible for so much as fif­
teen minutes during the whole transit, tbirty-two negatives can 
be taken, and they will give as accurate a result as the observa­
tion of both inlel'l1al contacts. In view of these facts, can it be 
doubted that the photographic method offers as much accuracy 
as the contact method, and many more chances of success? 

The transit of 1882 will 1I0t settle the value of the solar 
pamllax, but it will contribute to that result, directly as a 
trigonometrical method, and indirectly through the gravita­
tional methods with which the final solution of the problem 
must rest. .As our know ledge of the earth's mass may be 
made to depend upon quantities which continually increase 
with the time, it will ultimately attain great exactness, and 
then the solar parallax will be known with the same exactness. 
Long before that happy Jay arrives the present generation of 
astronomers will have passed over to the silent majority, but 
not without the satisfaction of knowing that their labors will 
contribute to that fullness of knowledge which shall be the 
heritage of their successors. 

Washington, D. C., October, 1881. 




